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Time-harmonic problem

- N

® Let Q be a Lipschitz, polyhedral domain with connected boundary 9.
® Given k > 0and source term f € L?(Q) (div f = 0), solve:

[ Find E € L2(Q) with curl E € L2(Q) s.t.
curl (,u_lcurl E) —k:E=f in 2 ;
) dive E =0 inQ
| Exn=0 on 0f2.

NB. With coefficients e, u > 0 a.e. ; e,e L, pu, p= 1t € L>°(Q).
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Time-harmonic problem

® Let Q be a Lipschitz, polyhedral domain with connected boundary 9.
® Given k > 0and source term f € L?(Q) (div f = 0), solve:

[ Find E € L2(Q) with curl E € L2(Q) s.t.
curl (,u_lcurl E) —k:E=f in 2 ;
) dive E =0 inQ
| Exn=0 on 0f2.

® We assume that the problem is well-posed: | E|| gr(curl ;) S | fllL2 (), Where

H(curl; Q) := {v € L?(Q) |curlv € L?(Q)}.
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L I

L I

Time-harmonic problem

Let 2 be a Lipschitz, polyhedral domain with connected boundary 0.

Given k > 0 and source term f € L?(Q) (div f = 0), solve:

We assume that the problem is well-posed.

Let Ho(curl; Q) := {v € L?(Q) | curlv € L?(Q), v x n|gn = 0}.

[ Find E € L2(Q) with curl E € L2(Q) s.t.
curl (,u_lcurl E) —k:E=f in 2 ;
<ding:o inQ
| Exn=0 on 0f2.
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Time-harmonic problem

® Let Q be a Lipschitz, polyhedral domain with connected boundary 9.
® Given k > 0and source term f € L?(Q) (div f = 0), solve:
[ Find E € L2(Q) with curl E € L2(Q) s.t.
curl (,u_lcurl E) —k:E=f in 2 ;
) dive E =0 in Q ;
| Exn=0 on 0f2.

We assume that the problem is well-posed.
Let Ho(curl; Q) := {v € L?(Q) | curlv € L?(Q), v x n|gn = 0}.

L I

® An equivalent variational formulation is:

(VF) Find E € Hy(curl; Q) s.t.
Vv € Ho(curl;Q), (p~lcurl E|curlv) — k?(e E|v) = (f|v).

L Above, (v|v') := /Q v - v dQ. J
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® Ecixy(Qe):={ve Hy(curl,Q)|divev € L?(Q)}.
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® Ecixy(Qe):={ve Hy(curl,Q)|divev € L?(Q)}.

® ,lcurlE € X7(Q,pu) := {v € H(curl,Q)|divuv € L*(Q), pv - npq = 0}.



Regularity of the fields
=

® Ecixy(Qe):={ve Hy(curl,Q)|divev € L?(Q)}.
® ,lcurlE € X7(Q,pu) := {v € H(curl,Q)|divuv € L*(Q), pv - npq = 0}.

® Theorem : Assume that e, =1 € W (Q).
If 2 is convex then Xy (2,e) C H*(Q) and X7 (Q, u) C HY(Q).
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Regularity of the fields

- N

® Ecixy(Qe):={ve Hy(curl,Q)|divev € L?(Q)}.
® ,lcurlE € X7(Q,pu) := {v € H(curl,Q)|divuv € L*(Q), pv - npq = 0}.

® Theorem : Assume that e, =1 € W (Q).
If Q is convex then Xn (2,e) C HY(Q) and X7 (2, u) C HY(Q).
If Q is non-convex then 3§D §Neu 11 /2 1] s.t.

max? max

XN (Q,e) C HY(Q), V6 € (0,62 [ and Xp(Q,pu) C H®(Q), V5 € [0,

max max
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Regularity of the fields

- N

® Ecixy(Qe):={ve Hy(curl,Q)|divev € L?(Q)}.
® ,lcurlE € X7(Q,pu) := {v € H(curl,Q)|divuv € L*(Q), pv - npq = 0}.

® Theorem : Assume that e, =1 € W (Q).
If Q is convex then Xn (2,e) C HY(Q) and X7 (2, u) C HY(Q).
If Q is non-convex then 3§D §Neu 11 /2 1] s.t.

max? max

XN (Q,e) C HY(Q), V6 € (0,62 [ and Xp(Q,pu) C H®(Q), V5 € [0,

max

® Assumethate, !t € W (Q) from now on.
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Regularity of the fields
-

E c Xn(Q,¢) :={v € Ho(curl,Q) |divev € L?(Q)}.
p~teurlE € Xr(Q,p) := {v € H(curl, Q) |divuv € L*(Q), pv - npq = 0}.

Theorem : Assume that e, =1 € W (Q).
If Q is convex then Xn (2,e) C HY(Q) and X7 (2, u) C HY(Q).
If Q is non-convex then 3§D §Neu 11 /2 1] s.t.

max? max

XN (Q,e) C HY(Q), V6 € (0,62 [ and Xp(Q,pu) C H®(Q), V5 € [0,

max

Assume that ¢, u—1 € W1°°(Q) from now on.

To fix ideas, consider that  is non-convex and define §,,4, := min(§2%  §New),

max?’

Choose a regularity exponent § €]1/2, dmaz|-

|

Sophia-Antipolis, April 2013 — p. 4/19



Regularity of the fields
-

E c Xn(Q,¢) :={v € Ho(curl,Q) |divev € L?(Q)}.

p~teurlE € Xr(Q,p) := {v € H(curl, Q) |divuv € L*(Q), pv - npq = 0}.

Theorem : Assume that e, =1 € W (Q).
If Q is convex then Xn (2,e) C HY(Q) and X7 (2, u) C HY(Q).
If Q is non-convex then 3§D §Neu 11 /2 1] s.t.
XN (Q,e) C H*(Q), V6 € (0,650, and Xp(Q,u) C H®(Q), V6 € [0,6m6%].
Assume that ¢, u—1 € W1°°(Q) from now on.

To fix ideas, consider that 2 is non-convex and define 6,4, := min(§Dir  §Nev

max?’ max/*"

Choose a regularity exponent § €]1/2, dmaz|-
NB. If 2 is convex, then § = 1.
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Edge element discretization

- N

® et (7;,), be ashape regular family of tetrahedral meshes of Q.

® Define Xy = {vh € Ho(curl;Q) |vh|K —ag +brg xXx, VK € 7—h}
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Edge element discretization

-

® et (7;,), be ashape regular family of tetrahedral meshes of Q.
® Define Xy, = {vh S HQ(CUI‘I;Q) |vh|K —ag + b xXx, VK € 7—}1}

® The discrete variational formulation writes:

Find E;, € &}, S.t.
(DVF)
Yoy, € Xn, (ultcurl Ej|curlvy,) — k%(c Eplvy) = (flon).
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Edge element discretization

- N

Let (75 )r be a shape regular family of tetrahedral meshes of 2.

L I

Define &3, := {vh c Ho(curl;Q) |vh|K —ag +brg xXx, VK € 7—h}

® The discrete variational formulation writes:

Find E;, € &}, S.t.
(DVF)
Yoy, € Xn, (ultcurl Ej|curlvy,) — k%(c Eplvy) = (flon).

® Classically: 3ho, Yh < ho, |E — EpllH(cur1;0) S infu, ex, | E — vallH(curl;0)-
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Edge element discretization

- N

Let (75 )r be a shape regular family of tetrahedral meshes of 2.

L I

Define &3, := {vh c Ho(curl;Q) |vh|K —ag +brg xXx, VK € 7—h}

® The discrete variational formulation writes:

Find E;, € &}, S.t.
(DVF)
Yoy, € Xn, (ultcurl Ej|curlvy,) — k%(c Eplvy) = (flon).

® Classically: 3ho, Yh < ho, |E — EpllH(cur1;0) S infu, ex, | E — vallH(curl;0)-

® Edge element interpolation (5 €]1/2, dmax]), Cf.

Vh < ho, ||E — Ep|lH(curl;) S hO 1 Fllz2 @)
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L I

Edge element discretization

-

Let (75 )r be a shape regular family of tetrahedral meshes of 2.
Define &3, := {vh c Ho(curl;Q) |vh|K —ag +brg xXx, VK € 7—h}

The discrete variational formulation writes:

Find E;, € &}, S.t.
(DVF)
Yoy, € Xn, (ultcurl Ej|curlvy,) — k%(c Eplvy) = (flon).

Classically: Sho, Vh < ho, |E — Enllg(curl;0) S infv,ex, |E — vl H(curl;0)-

Edge element interpolation (6 €]1/2, dmaz]), Cf.

Vh < ho, ||E — Ep|lH(curl;) S hO 1 Fllz2 @)

QUESTION | What of ||dive(E — Ep)||?
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On the divergence

-

® Using v = Vqfor g € H} () in (VF) yields
: 1 L, .
(dive E,q) = —(e E|Vq) = ﬁ(ﬂVq) = —ﬁ<dlv f,q) =0.

It follows that diveFE = 0.
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-

On the divergence

® Using v = Vqfor g € H} () in (VF) yields

1 1
(dive B, q) = —(c E|Vq) = 5 (f[Vq) = —5{div f,q) = 0.

It follows that diveFE = 0.
® Define Q) :={qn € H () | qn|x € P1(K), VK € Tp}.
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On the divergence

Using v = Vq for ¢ € H} () in (VF) yields
. 1 I
(dive B, q) = —(c E|Vq) = 5 (f[Vq) = —5{div f,q) = 0.

It follows that diveFE = 0.

Define Qp, := {qn € H{(Q) |an|x € P1(K), VK € Tp}.
For q;, € Qp, One can use vy, = Vg, € &}, in (DVF), so

1 1
—(eEnlVan) = 5 (fIVan) = =5 (div f,qn) = 0.
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On the divergence

Using v = Vq for ¢ € H} () in (VF) yields

1 1
(dive E,q) = —(e E|Vq) = k—Q(fIVq) = —k—2<div f.q) =

It follows that diveFE = 0.

Define Qp, := {qn € H{(Q) |an|x € P1(K), VK € Tp}.
For q;, € Qp, One can use vy, = Vg, € &}, in (DVF), so

1 1
—(eEnlVan) = 5 (fIVan) = =5 (div f,qn) = 0.

Conclusion: E;, € V), := {vy € X | (evp|Van) =0, Yan € Qn}.

0.

|

Sophia-Antipolis, April 2013 — p. 6/19



On the divergence

Using v = Vq for ¢ € H} () in (VF) yields

1 1
(dive B, q) = —(c E|Vq) = 5 (f[Vq) = —5{div f,q) = 0.

It follows that diveFE = 0.

Define Qp, := {qn € H{(Q) |an|x € P1(K), VK € Tp}.
For q;, € Qp, One can use vy, = Vg, € &}, in (DVF), so

1 1
—(eEnlVan) = 5 (fIVan) = =5 (div f,qn) = 0.

Conclusion: E;, € V), := {vy € X | (evp|Van) =0, Yan € Qn}.
Theorem [V} ]: Assume that (73, )5 is quasi-uniform. Let s €]1/2, 1], then

Vop € Vi, |divevp|g-si) S h8+5_1\|curlvhHL2(Q).
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On the divergence

Using v = Vq for ¢ € H} () in (VF) yields

1 1
(dive B, q) = —(c E|Vq) = 5 (f[Vq) = —5{div f,q) = 0.

It follows that diveFE = 0.

Define Qp, := {qn € H{(Q) |an|x € P1(K), VK € Tp}.
For q;, € Qp, One can use vy, = Vg, € &}, in (DVF), so

1 1
—(eEnlVan) = 5 (fIVan) = =5 (div f,qn) = 0.

Conclusion: E;, € V), := {vy € X | (evp|Van) =0, Yan € Qn}.
Theorem [V} ]: Assume that (73, )5 is quasi-uniform. Let s €]1/2, 1], then

Vop € Vi, |divevp|g-si) S h8+5_1\|curlvhHL2(Q).

Corollary : ||dive(E — Ep)llg-sq) S P57 fllL2(q)-
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On the divergence — Proof
f Proof of the Theorem [Vh] —‘

® Step l: Letvy, € Vy, q € HE(Q), and g, € Qp:




On the divergence — Proof
f Proof of the Theorem [Vh] —‘

® Step l: Letvy, € Vy, q € HE(Q), and g, € Qp:

(divevp,q) = —(&T’Uh\VQ):—(é‘vh\v(q—%)):—Z/ evp - V(g — qn) dQ
— JK
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-

On the divergence — Proof

Proof of the Theorem [Vh]
® Step l: Letvy, € Vy, q € HE(Q), and g, € Qp:

(divevp,q) = —(&?Uh\VQ):—(é‘vh\v(q—%)):—Z/ evp - V(g —gqn) dQ
— JK

bpin K... S [lvnllr2) lla — anllL2 @)

P> \\[evh-n]\\i2(f))1/2(

feF

1/2
Z Hq - QhH%2(f)>

feFy

where F}, denotes the set of faces of 7, and [-] the jump across the faces.
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On the divergence — Proof
f Proof of the Theorem [Vh] —‘

® Step l: Letvy, € Vy, q € HE(Q), and g, € Qp:

(divevn,q) < lvnlle2e) lla —anllrz)

+( > ||[€vh°”]||2L2<f)>l/2( 2 ”q_q”'“%Q(f))

fer, fer,

1/2
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On the divergence — Proof

[Vh] —‘

Step 1: Let vy, € Vi, g € H5(£2), and g5, € Qp:

Proof of the Theorem

(divevn,q) < lvnlle2e) lla —anllrz)

1/2 1/2
(X Weonnlizegy) (X la-alZag)

JEFHR fer,

Step 2: Evaluate |[g — qnllp2(q) and (X e 7, lla — %H%z(f))lﬂ Wrt |lgl| = ()-
(for some appropriate choice of g;,).
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On the divergence — Proof

Proof of the Theorem [Vh]
Step 1: Let vy, € Vi, g € H5(£2), and g5, € Qp:

(divevn,q) < lvnlle2e) lla —anllrz)

1/2 1/2
(X Weonnlizegy) (X la-alZag)

JEFHR fer,

Step 2: Evaluate |[g — qnllp2(q) and (X e 7, lla — %H%z(f))lﬂ Wrt |lgl| = ()-

Local trace inequality:

—12 s—1/2

VK € Th, Vg € H*(K), llqllL2om) S lallL2 () + P " lalms (k)
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On the divergence — Proof

Proof of the Theorem [Vh]
Step 1: Let vy, € Vi, g € H5(£2), and g5, € Qp:

(divevn,q) < lvnlle2e) lla —anllrz)

1/2 1/2
(X Weonnlizegy) (X la-alZag)

JEFHR fer,

Step 2: Evaluate |[g — qnllp2(q) and (X e 7, lla — QhHLz(f))l/Q Wrt |lgl| = ()-

Local trace inequality:

—12 s—1/2

VK € Th, Vg € H*(K), llqllL2om) S lallL2 () + P " lalms (k)

Let IT;, : H§(2) — Qp be the Scott-Zhang interpolation operator, then (cf. )

Vg € Hy(Q?), llg —Mngllas) < llallas@): la —Mnallp2) < A% llallas @)
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On the divergence — Proof

Proof of the Theorem [Vh]
Step 1: Let vy, € Vi, g € H5(£2), and g5, € Qp:

(divevn,q) < lvnlle2e) lla —anllrz)

1/2 1/2
(X Weonnlizegy) (X la-alZag)

JEFHR fer,

Step 2: Evaluate |[g — qnllp2(q) and (X e 7, lla — QhHLz(f))l/Q Wrt |lgl| = ()-

Local trace inequality:

—12 s—1/2

VK € Th, Vg € H*(K), llqllL2om) S lallL2 () + P " lalms (k)

Let IT;, : H§(2) — Qp be the Scott-Zhang interpolation operator, then (cf. )
Vg € Hy(Q?), llg —Mngllas) < llallas@): la —Mnallp2) < A% llallas @)

Choose g5 :=T11q: (X fcr, lla— Qh||L2(f))1/2 S h 712 |gll s ()
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On the divergence — Proof

Proof of the Theorem [Vh]
Step 1: Let vy, € Vi, g € H5(£2), and g5, € Qp:

(divevn,q) < lvnlle2e) lla —anllrz)

1/2 1/2
(X Weonnlizegy) (X la-alZag)

JEFHR fer,

Step 2: Evaluate |[g — qnllp2(q) and (X e 7, lla — QhHLz(f))l/Q Wrt |lgl| = ()-

Local trace inequality:

—12 s—1/2

VK € Th, Vg € H*(K), llqllL2om) S lallL2 () + P " lalms (k)

Let IT;, : H§(2) — Qp be the Scott-Zhang interpolation operator, then (cf. )
Vg € Hy(Q?), llg —Mngllas) < llallas@): la —Mnallp2) < A% llallas @)

- s s— 1/2
Hence, ||divevallg—s ) S P¥llvnllpe) + 2572 (D levn - nlliz2(p)) .
f€Fn
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On the divergence — Proof

- N

® Steps 1-2: For v, € Vy,

1/2
ldive vl - o §h3||vh||L2<m+hs_1/2< 2 ||[5”h‘”]”%2<f>> '
Fe€Fn
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On the divergence — Proof

- N

® Steps 1-2: For v, € Vy,

1/2
ldive vl - o §h3||vh||L2<m+hs_1/2< 2 ||[5”h‘”]”%2<f>> '
Fe€Fn

® Step 3: Evaluate (3, 7, lllevn - n]HiQ(f))l/?
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On the divergence — Proof

-

® Steps 1-2: For v, € Vy,

1/2
ldive vl - o §h3||vh||L2<m+hs_1/2< 2 ||[€”h‘”]”%2<f>> '
Fe€Fn

® Step 3: Evaluate (3, 7, lllevn - n]HiQ(f))l/?

Proposition : Jv € Hp(curl; ) s.t. curlv = curlwvy, divev =01in €,

||”||H6(Q) N ||Curlvh||L2(Q)7 v — ”h“L?(Q) S hé”””ﬂé(g) + h||curlvh||L2(Q)-
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On the divergence — Proof
|, -

Steps 1-2: For vy, € Vy,,

1/2
ldive vl - o §h3||vh||L2<m+hs_1/2< 2 ||[€”h‘”]”%2<f>> '

feFn
® Step 3: Evaluate (3, 7, lllevn - n]HiQ(f))l/?
Proposition : Jv € Hp(curl; ) s.t. curlv = curlwvy, divev =01in €,
||”||H6(Q) N ||Curlvh||L2(Q)7 v — ”h“L?(Q) S hé”””ﬂé(g) + h||curlvh||L2(Q)-

By construction, [evy, - n] = [e(v, — v) - n] across all faces.
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On the divergence — Proof

o, N

Steps 1-2: For vy, € Vy,,

1/2
v <wnl -y < Wlonlgae + 1023 Hewn i)

feFn
® Step 3: Evaluate (3, 7, lllevn - n]HiQ(f))l/?
Proposition : Jv € Hp(curl; ) s.t. curlv = curlwvy, divev =01in €,
||”||H6(Q) N ||Curlvh||L2(Q)7 v — ”h“L?(Q) S h5||”||H5(Q) + h||curlvh||L2(Q)-

By construction, [evy, - n] = [e(v, — v) - n] across all faces.

+ local trace inequality: (3 ;¢ 7, [|levn - n]||%2(f))1/2 S RT3 [curlvp || L2 (-
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On the divergence — Proof

o, N

Steps 1-2: For vy, € Vy,,

1/2
v <wnl -y < Wlonlgae + 1023 Hewn i)

feFn
® Step 3: Evaluate (3, 7, lllevn - n]HiQ(f))l/?
Proposition : Jv € Hp(curl; ) s.t. curlv = curlwvy, divev =01in €,
||”||H6(Q) N ||Curlvh||L2(Q)7 v — ”h“L?(Q) S h5||”||H5(Q) + h||curlvh||L2(Q)-

By construction, [evy, - n] = [e(v, — v) - n] across all faces.

+ local trace inequality: (3 ;¢ 7, [|levn - n]||%2(f))1/2 S RT3 [curlvp || L2 (-

It follows that [|div e v || s () S PP llvnllL2@) + h8+5_1chrl'vhHL2(Q).

_ |

TA Sophia-Antipolis, April 2013 — p. 8/19



On the divergence — Proof
-

Steps 1-2: For vy, € Vy,,

1/2
|divevall - ) 5h3||vh||L2<Q)+hS_1/2< > ||[5”h‘”]”%2<f>> '
feFn

Step 3: Evaluate (3 ;¢ 7, Illevn -n]l22 )2

L2(f)
Proposition : Jv € Hp(curl; ) s.t. curlv = curlwvy, divev =01in €,
||U||H6(Q) N ||Curlvh||L2(Q)7 v — Uh||L2(Q) S h5||”||H5(Q) + h||curlvh||L2(Q)-

By construction, [evy, - n] = [e(v, — v) - n] across all faces.

+ local trace inequality: (3 ;¢ 7, [|levn - n]||%2(f))1/2 S RT3 [curlvp || L2 (-

It follows that [|div e v || s () S PP llvnllL2@) + h8+5_1chrl'vhHL2(Q).

With the help of the Proposition (and 6 < 1), one concludes that

. §—
ldive vallg—sq) S h°F°7 Hleurlop| L2 (q). J
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Time-harmonic problem (summary)

- N

® Assumptions:
® c,u e Wh>(Q);
$® (73)n is quasi-uniform.



Time-harmonic problem (summary)

- N

» Assumptions:
® c,u e Wh>e(Q);
® (7n)n iIs quasi-uniform.

® |fQisconvex: let s €]1/2,1], then

Vh < ho, W' |E = EpllH(cur1;0) + B °dive(E — Ep)lg-s ) S I1fllL2):
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Time-harmonic problem (summary)

- N

» Assumptions:
® c,u e Wh>e(Q);
® (7n)n iIs quasi-uniform.

® |fQisconvex: let s €]1/2,1], then

Vh < ho, W' |E = EpllH(cur1;0) + B °dive(E — Ep)lg-s ) S I1fllL2):

® If Qis non-convex: let § €]1/2, §maz| and s €]1/2, 1], then

Vh < ho, h°||E — Ep|l g (cur1 .q) + R 7°7°||dive(E — Ep)llg-s) S 1FllL2@)-
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Stationary problem: mixed approach

- N

® Givensource terms f € L?(Q) (div f = 0) and g € L?(Q), solve:

[ Find E € L2(Q) with curl E € L2() sit.
curl (,u_lcurl E) =f in Q ;
) dive E =g in Q ;
| Exn=0 on Of2.

NB. With coefficients e, u =1 € WhHoo(Q).
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Stationary problem: mixed approach

- N

® Givensource terms f € L?(Q) (div f = 0) and g € L?(Q), solve:

[ Find E € L2(Q) with curl E € L2() sit.
curl (,u_lcurl E) =f in Q ;
) dive E =g in Q ;
| Exn=0 on Of2.

® To take into account the condition on the divergence on the variational formulation, one
uses classically an equivalent mixed formulation (with p = 0):

[ Find (E,p) € Ho(curl;Q) x H}(Q) s.t.
(MVF) { Vv e Hp(curl;Q), (u~lcurl E|curlv) + (ev|Vp) = (f|v)
| Vg € Hy(Q), (eE|Vq) = —(gla).

_ |

TA Sophia-Antipolis, April 2013 — p. 10/19



Stationary problem: mixed approach

- N

® Givensource terms f € L?(Q) (div f = 0) and g € L?(Q), solve:

[ Find E € L2(Q) with curl E € L2() sit.
curl (,u_lcurl E) =f in Q ;
) dive E =g in Q ;
| Exn=0 on Of2.

® The discrete mixed variational formulation uses edge elements for the field and P;
elements for the multiplier (with p;, = 0):

[ Find (Ep,,pn) € X x Qp Sit.
(DMVF) § Yvp € Xy, (ptcurl Eplcurlvy) + (evp,|Vpp) = (Flvn)
| Vg€ Qn, (eEL|Van)=—(glan)-
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Stationary problem: mixed approach

o, N

Given source terms f € L?(Q) (div f = 0) and g € L?(Q), solve:

[ Find E € L2(Q) with curl E € L2() sit.
curl (,u_lcurl E) =f in Q ;
) dive E =g in Q ;
| Exn=0 on Of2.

® The discrete mixed variational formulation uses edge elements for the field and P;
elements for the multiplier (with p;, = 0):

( Find (Eh,ph) e Xy X Qp S.L
(DMVF) ¢ Yv, € Xy, (p lecurl Ep|curlwvy) + (evi|Von) = (Flvn)

| Vg €Qn, (eEL|Van)= —(glan)-

® For €]1/2,5maqz|, One obtains, cf.

|E — Enll g eurt;o) S 2 {lIFllLzq) + lglln2 o) }-
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Stationary problem

® Givensource terms f € L?(Q) (div f = 0) and g € L?(Q), solve:

NB. With coefficients e, u =1 € WhHoo(Q).

[ Find E € L2(Q) with curl E € L2() sit.
curl (,u_lcurl E) =f in Q ;
) dive E =g in Q ;
| Exn=0 on Of2.
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Stationary problem

- N

® Givensource terms f € L?(Q) (div f = 0) and g € L?(Q), solve:

[ Find E € L2(Q) with curl E € L2() sit.
curl (,u_lcurl E) =f in Q ;
) dive E =g in Q ;
| Exn=0 on Of2.

® To take into account the condition on the divergence on the variational formulation, we
choose to add some small perturbation (below (k) > 0 is “small”), by introducing

ap(v,v") := (p~curlv|curlv’) 4+ ~(h) (e v|v’) for v,v' € Ho(curl; Q).
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Stationary problem

Given source terms f € L?(Q) (div f = 0) and g € L?(Q), solve:

Find E € L?(Q) with curl E € L?(Q) s.t.
curl (,u_lcurl E) =f in Q ;
dive E =g in Q ;

| Exn=0 on Of2.

To take into account the condition on the divergence on the variational formulation, we
choose to add some small perturbation (below (k) > 0 is “small”), by introducing

Leurlv|curlv’) + v(h) (e v|v') for v, v’ € Hg(curl; Q).

an(v,v') == (U~
If g = 0, we solve the discrete variational formulation

Find E;, € &), s.t. Yo, € X, ap(ERp,vy) = (flon)-

By construction, E;, € V;,.

|
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Stationary problem

Given source terms f € L?(Q) (div f = 0) and g € L?(Q), solve:

[ Find E € L2(Q) with curl E € L2() sit.
curl (,u_lcurl E) =f in Q ;
) dive E =g in Q ;
| Exn=0 on Of2.

To take into account the condition on the divergence on the variational formulation, we
choose to add some small perturbation (below (k) > 0 is “small”), by introducing

ap(v,v") := (p~curlv|curlv’) 4+ ~(h) (e v|v’) for v,v' € Ho(curl; Q).
If g # 0, we solve two discrete variational formulations

1. Find ¢y, € Qn St. Vgn € Qpn,  (eVOr|Van) = —(eglqn)-
2. Find E}, € X), sit. Vo, € Xy,  ap(Ep,vn) = (flvn) +v(h)(e Vép|vp).

By construction, E;, — V¢, € Vy,.
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Stationary problem: convergence

- N

h™°|E = Epll g (eurt;o) +h' 70 dive(E — Ep)ll g-s) S IFll2@) + 19llL2 (o)

® Theorem: Assume that (73,); is quasi-uniform, 0 < v(h) < h?. Let s €]1/2, 1], then
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Stationary problem: convergence

- N

h™°|E = Epll g (eurt;o) +h' 70 dive(E — Ep)ll g-s) S IFll2@) + 19llL2 (o)

® Theorem: Assume that (73,); is quasi-uniform, 0 < v(h) < h?. Let s €]1/2, 1], then

Proof of the Theorem [case g = 0]
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Stationary problem: convergence

o, N

h™°|E = Epll g (eurt;o) +h' 70 dive(E — Ep)ll g-s) S IFll2@) + 19llL2 (o)

Theorem : Assume that (73,);, is quasi-uniform, 0 < v(h) < h?. Let s €]1/2, 1], then

Proof of the Theorem [case g = 0]

® Step 1: use Cauchy-Schwarz’ and Young’s inequalities to find

|E=Ehnlla;, S vhilelth 1E=vhlla,+(y(B) 2B L2y, where | - [la, := (an(:,-))"/?.
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Stationary problem: convergence
-

h™°|E = Epll g (eurt;o) +h' 70 dive(E — Ep)ll g-s) S IFll2@) + 19llL2 (o)

|,

Theorem : Assume that (73,);, is quasi-uniform, 0 < v(h) < h?. Let s €]1/2, 1], then

Proof of the Theorem [case g = 0]

® Step 1: use Cauchy-Schwarz’ and Young’s inequalities to find

|E=Ehnlla;, S vhilelth 1E=vhlla,+(y(B) 2B L2y, where | - [la, := (an(:,-))"/?.

As 0 < v(h) < h?, one obtains with edge element interpolation

leurl (B — Byl g2y S (h° + /(W)Y 2y S P IF 2o
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Stationary problem: convergence

-

h™°|E = Epll g (eurt;o) +h' 70 dive(E — Ep)ll g-s) S IFll2@) + 19llL2 (o)

|,

Theorem : Assume that (73,);, is quasi-uniform, 0 < v(h) < h?. Let s €]1/2, 1], then

Proof of the Theorem [case g = 0]

® Step 1: use Cauchy-Schwarz’ and Young’s inequalities to find

|E=Ehnlla;, S vhilelth 1E=vhlla,+(y(B) 2B L2y, where | - [la, := (an(:,-))"/?.

As 0 < v(h) < h?, one obtains with edge element interpolation

leurl (B — Byl g2y S (h° + /(W)Y 2y S P IF 2o

E; €V}, sothe Theorem [V}, ] vields

ldive(E — Ep)llg-«o) S 7 HIFllL2 o)
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Stationary problem: convergence

- N

® Step 1 h=°|lcurl (E — Ey)l|p2(q) +h' 7 |ldive(E — Ep)llg—s o) < IfllL2(0)-



Stationary problem: convergence
|

® Step 2: Introduce the Helmholtz decomposition of E — E;, wrt (-]-):

-

Step 1: h=°|[eurl (E — E})||p2(q) +h' > |ldive(E — Ep)llg—s o) < IfllL2(0)-

E—E,=e+V¢, ec L*(Q), ¢ € H(Q) st. Ap =div(E — Ep).
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Stationary problem: convergence
|

® Step 2: Introduce the Helmholtz decomposition of E — E;, wrt (-]-):

-

Step 1: h=°|[eurl (E — E})||p2(q) +h' > |ldive(E — Ep)llg—s o) < IfllL2(0)-

E—E,=e+V¢, ec L*(Q), ¢ € H(Q) st. Ap =div(E — Ep).

One finds by direct computations (|| E — Eh||2L2(Q) = ||e||2LQ(Q) + ||V¢|I2LQ(Q))

|e2(E — Ep)llp2(o) S llellp2 (o) + Idive(E — Ep)llg-1(q)-
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Stationary problem: convergence
|

® Step 2: Introduce the Helmholtz decomposition of E — E;, wrt (-]-):

-

Step 1: h=°|[eurl (E — E})||p2(q) +h' > |ldive(E — Ep)llg—s o) < IfllL2(0)-

E—E,=e+V¢, ec L*(Q), ¢ € H(Q) st. Ap =div(E — Ep).

One finds by direct computations (|| E — Eh||2L2(Q) = ||e||2LQ(Q) + ||V¢|I2LQ(Q))

|e2(E — Ep)llp2(o) S llellp2 (o) + Idive(E — Ep)llg-1(q)-

Using an auxiliary problem, one can estimate ||e[| 2 q):

( Find z € Hg(curl; Q) s.t.

N\

curl (,u_lcurl z) —e in Q ;
divz =0 in €.

\

_ |

TA Sophia-Antipolis, April 2013 — p. 13/19



Stationary problem: convergence
|

® Step 2: Introduce the Helmholtz decomposition of E — E;, wrt (-]-):

-

Step 1: h=°|[eurl (E — E})||p2(q) +h' > |ldive(E — Ep)llg—s o) < IfllL2(0)-

E—E,=e+V¢, ec L*(Q), ¢ € H(Q) st. Ap =div(E — Ep).

One finds by direct computations (|| E — Eh||2L2(Q) = ||e||2LQ(Q) + ||V¢|I2LQ(Q))

|e2(E — Ep)llp2(o) S llellp2 (o) + Idive(E — Ep)llg-1(q)-

Using an auxiliary problem, one can estimate ||e[| 2 q):

lellz) S (B + (v (W) YIE = Enllay, + (v(B)' 2|1 Bl L2 (q)-

_ |

TA Sophia-Antipolis, April 2013 — p. 13/19



Stationary problem: convergence
|

® Step 2: Introduce the Helmholtz decomposition of E — E;, wrt (-]-):

-

Step 1: h=°|[eurl (E — E})||p2(q) +h' > |ldive(E — Ep)llg—s o) < IfllL2(0)-

E—E,=e+V¢, ec L*(Q), ¢ € H(Q) st. Ap =div(E — Ep).

One finds by direct computations (|| E — Eh||2L2(Q) = ||e||2LQ(Q) + ||V¢|I2LQ(Q))

|1e/2(E = En)liz2(q) S lellpz) + Idive(B — Bn)ll -1 (q)-
Using an auxiliary problem, one can estimate ||e[| 2 q):
lellz) S (B + (v (W) YIE = Enllay, + (v(B)' 2|1 Bl L2 (q)-

We conclude that
)
|E — EnllL2) S PN FllL20)-

_ |
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Stationary problem (summary)

- N

» Assumptions:
® ot ewh>eQ);
® (73)n is quasi-uniform.



Stationary problem (summary)

- N

» Assumptions:
® c,u e Wh>e(Q);
® (7n)n iIs quasi-uniform.

® |fQisconvex: let s €]1/2,1], then

W' E — Enllg(curt;0) + 2 °|dive(E — Ep)llg—sq) S 1FfllLzq) + 19l L2 )
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Stationary problem (summary)

-

Assumptions:
® c,u e Wh>e(Q);
® (7n)n iIs quasi-uniform.

If Q2 is convex: let s €]1/2, 1], then

W' E — Enllg(curt;0) + 2 °|dive(E — Ep)llg—sq) S 1FfllLzq) + 19l L2 )

If Q2 is non-convex: let§ €]1/2, maz| and s €]1/2, 1], then

h°|E — Enll g (curt;0) + 2570 dive(E — En)ll g-s ) S IFllz2) + lgll2 -

|
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Time-dependent problem

- N

® Given source terms J and p (charge conservation eq. p; + divJ = 0), solve:

( Find E s.t.
eFE: + curl (,u_lcurl E) = —J; in Qx]0,7T7 ;
§ diveE=p in Qx]0, T ;
Exn=0 on 9N x|0, T ;
| E(0) = E%and E;(0) = 1 (=J(0) + curl H®) inQ.

NB. With coefficients e, u =1 € WHoo(Q).
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Time-dependent problem

- N

® Given source terms J and p (charge conservation eq. p; + divJ = 0), solve:

( Find E s.t.
eFE: + curl (,u_lcurl E) = —J; in Qx]0,7T7 ;
§ diveE=p in Qx]0, T ;
Exn=0 on 9N x|0, T ;
| E(0) = E%and E;(0) = 1 (=J(0) + curl H®) inQ.

® Use edge elements in space, and second order backward finite differences in time
} n_,n—1 O+ n_aT n—1 )
(time-step 7, Oru™ = +—2——, 2u" = Tt—rt ). (E

Z’)n:(),l,....
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Time-dependent problem

- N

® Given source terms J and p (charge conservation eq. p; + divJ = 0), solve:

( Find E s.t.
eFE: + curl (,u_lcurl E) = —J; in Qx]0,7T7 ;
§ diveE=p in Qx]0, T ;
Exn=0 on 9N x|0, T ;
| E(0) = E%and E;(0) = 1 (=J(0) + curl H®) inQ.

® Use edge elements in space, and second order backward finite differences in time
} n_,n—1 O+ n_aT n—1 )
(time-step 7, Oru™ = +—2——, 2u" = Tt—rt ). (E

Z’)n:(),l,....

® Approximate the initial conditions with the help of two-step stationary problems.
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Time-dependent problem
B -

® Given source terms J and p (charge conservation eq. p; + divJ = 0), solve:

( Find E s.t.
eFE: + curl (,u_lcurl E) = —J; in Qx]0,7T7 ;
§ diveE=p in Qx]0, T ;
Exn=0 on 9N x|0, T ;
| E(0) = E%and E;(0) = 1 (=J(0) + curl H®) inQ.

® Use edge elements in space, and second order backward finite differences in time

. _.n—1 n__ n—1
(time-step 7, dru" = L=t — §2yn = drt Ozt (E

Z’)n:(),l,....

Approximate the initial conditions with the help of two-step stationary problems.

L I

Theorem : Assume that (7;,);, is quasi-uniform, 0 < v(h) < h2.
Assume that J, p, E are "sufficiently smooth".
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Time-dependent problem
. | | ]

® Given source terms J and p (charge conservation eq. p; + divJ = 0), solve:

( Find E s.t.
eFE: + curl (,u_lcurl E) = —J; in Qx]0,7T7 ;
§ diveE=p in Qx]0, T ;
Exn=0 on 9N x|0, T ;
| E(0) = E%and E;(0) = 1 (=J(0) + curl H®) inQ.

® Use edge elements in space, and second order backward finite differences in time
Oru"—8;
02" = drul=0rul ) (B o1,

Approximate the initial conditions with the help of two-step stationary problems.

n__ " 1

(time-step 7, Oru™ = =

9
® Theorem: Assume that (7;,);, is quasi-uniform, 0 < v(h) < h2.
Assume that J, p, E are "sufficiently smooth". Let § €]1/2, dmaz| and s €]1/2, 1], then

max (||8TEZ' — Ei(n7)|22q) + lcurl (B} - E(nT))||L2(Q)) (2 1 721261 4 25).

max (Hdiv e(Ey — E(nT))HH_S(Q)) <74 hsto-L
B>
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Other configurations

-

® Inthe models, the coefficients € and 1 can be discontinuous.
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Other configurations
|, -

In the models, the coefficients £ and 1 can be discontinuous.

Consider that they are piecewise constant: there exists a partition P := {2 }3.7:1 of
into J polyhedral subdomains s.t. €; := €|q, Kj = H|q, are constants forj =1, J.
Define for r > 0: PH"(Q) := {v € L?*(Q) | v, € H"(Q;), j=1,---,J}.
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Other configurations

-

Consider that they are piecewise constant: there exists a partition P := {2 }3.7:1 of
into J polyhedral subdomains s.t. €; := €|q, Kj = H|q, are constants forj =1, J.
Define for r > 0: PH"(Q) := {v € L?*(Q) | v, € H"(Q;), j=1,---,J}.

In the models, the coefficients £ and 1 can be discontinuous.

Theorem : Assume that ¢, 1, are piecewise constant.
FoLir sNeu €]0,1] s.t.

max’ max

XN (Q,e) C PH’(Q),V5 € (0,600, and Xp(Q,u) C PH®(), V6 € [0,5,,54].

|
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Other configurations

In the models, the coefficients £ and 1 can be discontinuous.

Consider that they are piecewise constant: there exists a partition P := {2 }3.7:1 of
into J polyhedral subdomains s.t. €; := €|q, Kj = H|q, are constants forj =1, J.
Define for r > 0: PH"(Q) := {v € L?*(Q) | v, € H"(Q;), j=1,---,J}.

Theorem : Assume that ¢, 1, are piecewise constant.
Fo ez Omas €]0,1] sit.

XN (Q,e) C PH’(Q),V5 € (0,600, and Xp(Q,u) C PH®(), V6 € [0,5,,54].

If Grmae := min(62% §Neu) > 1/2 then one can use the previous results, since the

max? max

edge element interpolation results hold element-by-element.

-
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Other configurations
|

In the models, the coefficients £ and 1 can be discontinuous.

Consider that they are piecewise constant: there exists a partition P := {2 }3.7:1 of
into J polyhedral subdomains s.t. €; := €|q, Kj = H|q, are constants forj =1, J.
Define for r > 0: PH"(Q) := {v € L?*(Q) | v, € H"(Q;), j=1,---,J}.

® Theorem : Assume that ¢, 1, are piecewise constant.
35 Dir §Neu 210, 1] s.t.

max’ max

Xn(Q,e) C PH®(Q), V5 €[0,62" [ and Xp(Q,p) C PH?(Q), V6 € [0,

max max

D If 50, := min(6P%  §1Nev) > 1/2 then one can use the previous results, since the
edge element interpolation results hold element-by-element.

For instance:
® Qs convex, and the maximal number of adjacent subdomains is equal to two ;

® case of separated inclusions: 35 s.t. 92 C 0€2;, and the maximal number of
adjacent subdomains is equal to two.
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Numerics

-

® Numerical example : stationary problem.

e = p = 1 in the unit cube €2, with smooth solution (f # 0, g # 0):

x1x2x3(l — x2)(1 — x3)

Eep = 2131:132333(1 — :133)(1 —x1)

2131:132333(1 — :131)(1 — x2)

|
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-

Numerics

® Numerical example : stationary problem.
e = p = 1 in the unit cube €2, with smooth solution (f # 0, g # 0):

x1x2x3(l — x2)(1 — x3)

Eep = 2131:132333(1 — :133)(1 —x1)

2131:132333(1 — :131)(1 — x2)

® (7;,); based on an initial mesh refined uniformly (5 levels: 1,516 dof to 7,266,496 dof).
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L I

Numerics

Numerical example : stationary problem.
e = p = 1 in the unit cube €2, with smooth solution (f # 0, g # 0):

x1x2x3(l — x2)(1 — x3)
Eep = 2131:132333(1 — :133)(1 —x1)

2131:132333(1 — :131)(1 — x2)

(7 )n based on an initial mesh refined uniformly (5 levels: 1,516 dof to 7,266,496 dof).

One has to solve two direct problems (one in ), one in V},) instead of a mixed one.
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Numerics

Numerical example : stationary problem.
e = p = 1 in the unit cube €2, with smooth solution (f # 0, g # 0):

x1x2x3(l — x2)(1 — x3)

Eep = 2131:132333(1 — :133)(1 —x1)

2131:132333(1 — :131)(1 — x2)

(7 )n based on an initial mesh refined uniformly (5 levels: 1,516 dof to 7,266,496 dof).
One has to solve two direct problems (one in ), one in V},) instead of a mixed one.

Pb in V}, is solved iteratively (bi-CGSTAB), with the preconditioner.
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Numerics

Numerical example : stationary problem.
e = p = 1 in the unit cube €2, with smooth solution (f # 0, g # 0):

x1x2x3(l — x2)(1 — x3)

Eep = 2131:132333(1 — :133)(1 —x1)

2131:132333(1 — :131)(1 — x2)

(7 )n based on an initial mesh refined uniformly (5 levels: 1,516 dof to 7,266,496 dof).
One has to solve two direct problems (one in ), one in V},) instead of a mixed one.
Pb in V}, is solved iteratively (bi-CGSTAB), with the preconditioner.
Computations have been carried out with the COMSOL Multiphysics.
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°

Numerics

Numerical example : stationary problem.
e = p = 1 in the unit cube €2, with smooth solution (f # 0, g # 0):

x1x2x3(l — x2)(1 — x3)

Eep = 2131:132333(1 — :133)(1 —x1)

2131:132333(1 — :131)(1 — x2)

(7 )n based on an initial mesh refined uniformly (5 levels: 1,516 dof to 7,266,496 dof).
One has to solve two direct problems (one in ), one in V},) instead of a mixed one.
Pb in V}, is solved iteratively (bi-CGSTAB), with the preconditioner.
Computations have been carried out with the COMSOL Multiphysics.

One can choose § = 1 for the convergence rates. So, one expects

|E — EnllH(cur1;0) S
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|E — EpllH (curl;0) S his observed.

® Forthe ||div (E — Ep)ll g—s(q) error, we recall that:

1/2
ldiv (B—Ep) | g+ (o) 5h8<||f||L2(m+||g||L2<Q)>+hS1/2( > ||[sEh-n]||iQ<f)) -
feFn

_ |
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|E — EpllH (curl;0) S his observed.

For the ||div (E — Ep)|| -5 () error, we recall that:

[div (E=Ep)|g-s) S hs(||.f||L2(Q)+||g||L2(Q))+hS1/2<

So, one has to observe that n;, := (Zfefh |[eE}, - n]||%2(f)
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feFy
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1/2
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For the ||div (E — Ep)|| -5 () error, we recall that:

|div (E—=En)llg-s) S h8(||f||L2(Q)+||9||L2(Q))+hs1/2< >
FEF

1/2
So, one has to observe that ;, := (Zfefh |[eE}, - n]||%2(f)>

10%}
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solid line: ny, ;
dotted line: slope -1/2.
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Conclusions

-

Discrete e-divergence free elements have "small"

diV€ . HH_S(Q) (S 6]1/2, 1])

The time-harmonic, stationary/static and time-dependent Maxwell problems can be
analyzed for "smooth", positive coefficients e, 1.

For the stationary/static problem, there is no need to solve a mixed problem.

The same results can be obtained in other configurations when the coefficients ¢, u are
piecewise constant: in particular, the case of separated inclusions is covered.
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