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Stationary/static problem

® Let Q be a Lipschitz, polyhedral domain with connected boundary o).
® Given source terms f € L?(Q) (div f = 0) and o € H~1(Q), solve:
[ Find E € L2(Q) with curl E € L2(Q) s.t.
curl (,u_lcurl E) =Ff in €2 ;
) dive E = p in €2 ;
| Exn=0 on 0f2.

NB. With coefficients e, u > 0 a.e. ;e,e 1, u, u= 1 € L>=(Q).

® The problem is well-posed in Hy(curl; Q2):

B e (curt;) S 1 Fllz2) + el g—1q)-
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Helmholtz decomposition

Let VN (2,¢) :={v € Hy(curl, Q) |divev = 0}.

L I

According to the Helmholtz decomposition of Hy(curl, 2) e.g.
E = Eq+ VQb, Eg € VN(Qag)a Cb € H(%(Q)

NB. The decomposition is orthogonal wrt (¢ - |-) + (z~tcurl - |curl ).

® One may characterize Ey and V¢ separately:

Find Eg € VN (Q,e) s.t.  curl (,u_lcurl Ey)=f inQ;
Find ¢ € H}(Q) s.t. dive V¢ = o in €.

® In what follows, we focus on Ej ; V¢ can be handled similarly
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Regularity of the fields
- -

® EicVn(Qe) CAN(Qe):={ve Hy(curl,Q)|divev € L?(Q)}.
® ,lcurlEy € X7 (Q,p) :={v € H(curl,Q)|divpuwv € L*(Q), pv - 15 = 0}.

® Theorem : Consider e, u=1 € Whee(Q).
If Q is convex then Xn (2,e) C HY(Q) and X7 (Q, u) C HY(Q).
If Q is non-convex then 36D §Neu 11 /2 1] s.t.

max? max

XN(Q,E:)CHOS(S<5T%ZZ:H5(Q), and XT(Q,M)CHOS5<5YJX2%H5(Q)

® Following Jete, u=t € Whe(Q).
To fix ideas, suppose that €2 is non-convex and define &, := min(d2  §New),

Choose a regularity exponent § €]1/2, dmaz|-
NB. If 2 is convex, then § = 1.
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Edge element discretization

- N

Let (7;,); be a shape regular family of tetrahedral meshes of .

L I

Define A, := {vh c Ho(curl;Q) |vh|K —ag +brg xXx, VK € 7—h}

® Assume™) Vh, |Eo — Eg nllH(curl;0) S infu,cx, 1Bo — Vhll H(curl;:0)-

® Edge element interpolation (§ €]1/2, dmaz[), cf.

|Eo — Eq.p,

|H(curl:0) S B° [ FllL2 (-

® QUESTION: | What of ||dive(Eo — Eg p)]| ?

From the above: [|dive(Eo — Eo,n)|lg-1(q) S h5||f||L2(Q).

® Define Q;, :={qn € H} () | qn|x € P1(K), VK € Tp}.
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On the divergence - 1

® | Whatof ||dive(Eo — Eg 1)||?

Define V;, := {’Uh € A}, | (8 ’Uh|th) =0, Vqp € Qh}

Theorem [V}, ] : Consider e € W1 ().
Assume that (7} ), is quasi-uniform.
Given § €]1/2,62% ['and s €]1/2, 1], it holds

max

| I

Vop € Vi, [divevn |l g—s ) S h¥T0 7 icurlvg| L2 g

® Assume**) Eqj, € Vy.

Corollary: |[dive(Eo — Eon)llg—s) S P IfllL2 )

® Comments:
® Givenwvy € A divevy, € 01/2<8§1H_8(Q).

#® Quasi-uniformity assumption can be removed, use :
® The assumptions™*) and **) are tied to the (discrete) variational formulations.
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On the divergence - 2

® One can relax the regularity assumption...

® Theorem : Consider g, =1 € PW1H°(Q).
Then 350w [ sNeu > 0 sit.

max? max

XN(Q,E:)CHOS(S<5T%ZZ:PH5(Q), and XT(Q’M)CHOS5<57]\Y{Z%PH5(Q)

Define 8,40 := min(620r  §New),

® Interpolation (5 €]0, d;maz[), cf. [Eo — EonllH(curl ;) S ho 1 Fl 22 @)
® Divergence estimates can still be found, even though 62" < 1/2 is possible...
® Theorem[V;]: Consider e € PW1:°°(Q). Choose conforming meshes (73, ).

Given § €]0,52" [ and s €]1 — 4, 1], it holds

max
v % di < psto—l 1
v € Vi, [ldivevnllg-sq) S leurlvp[[L2(q)-
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On the divergence - 3
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® The "discrete compactness property":

The family (V},);, satisfies the discrete compactness property if:
for all sequences (vin)n € (Vi)n St ||[vnll s (cur1;0) S 1, there exists a subsequence
that converges in L?(2).

How to derive such a result when e € PIW1:>°(Q)?
1. Choose § €]0, min(1/2,52" Y[ and fix s €]1 — §, 1]. Observe that:

max

Vh, vy € XN, _s(Q,e) :={v € Ho(curl;Q) |divev e H°(2)} (Edge elements);

|divevp || g —s ) + llcurlvp | p20) S1 (Theorem [V4]).
2. Theorem : Consider e € PW 10 (Q).
Given s €]1/2,1[, Xn,_s(Q, €) is compactly imbedded into L?(2).
2 - 2 1/2 dafi :
v (chrlvaLQ(Q) + ||div €’UHH_S(Q)) /2 defines a norm on X, _4(Q,¢);

this norm is equivalent to the full norm.

3. One concludes that (V},);, satisfies the discrete compactness property!
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Variational formulation: mixed

o, N

Given source terms f € L?(Q) (div f = 0) and o € L?(Q), solve:

[ Find E € L2(Q) with curl E € L2(Q) s.t.
curl (,u_lcurl E) =f in  ;
) dive E = p in € ;
| Exn=0 on 0f2.

® The discrete mixed variational formulation uses edge elements for the field and P;
elements for the multiplier (with p;, = 0):

Find (E/ ,ph) e Xy X Qp, S.t.
Yoy € Xy, (u~'curl Ej |curlvy) + (€ vi|Vpr) = (flvn)
| Van € Qn, (eE}LIVan) = —(olan)-

o/

® Given § €]1/2,5mqz ], One obtains

|E — B} | g (eurt;0) S 2 {IIFllLzq) + lellnz oy }-
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Variational formulation: perturbed - 1

- N

® Given source terms f € L?(Q) (div f = 0) and o € L?(9), solve:

[ Find E € L2(Q) with curl E € L2(Q) s.t.
curl (,u_lcurl E) =f in  ;
) dive E = p in € ;
| Exn=0 on 0f2.

® To take into account the condition on the divergence, choose a perturbed variational
formulation (with v(h) > 0 “small”, see below), replacing the exact form by

1

ap(v,v") = (u~ 'curlv|curlv’) + v (h)(ev|v’) for v,v’ € Hy(curl; Q).

® |If o # 0, solve two discrete variational formulations

1. Find ¢, € Qn S.t. Yqn, € Qn,  (eVonr|Van) = —(olan).
2. Find Ey, € X s.t. Yoy, € X,  ap(Ep,vn) = (flvn) +v(h)(e Von|vy).

By construction, E;, — V¢, € Vy,.
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Variational formulation: perturbed - 2

o, N

Assumption(**) is fulfilled. Assumption(*) writes:

Vh, ||Eo — Eo plla,, $ inf [Eo — valla, +7(h) [[EollL2(q)-

vpEX]

® Theorem : Consider e, u=1 € Wt (Q).
Let 0 < v(h) < h?9maz, Given § €]1/2, maz| and s €]1/2, 1], it holds

IE — Enllz(curt;o) S M {IFllL2q) + lellLzo};
[dive(E — Ep)llg—s@) S P50 HIIfll2@) + lellz2@)}-

® fQis convex:let0 < v(h) < h?%. Given s €]1/2, 1], it holds

|E — EnllH(cur;0) S P {Ifll2) +llollz)}s
|dive(E — Ep)|lg—s) S {lIFfllL2) + llellz@)}-

® See the numerical illustrations for the practical choice of ~(h) (< h?).
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Variational formulations: a comparison
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® A comparison of E/, (mixed VF) with E}, (perturbed VF):

® Given €]1/2, dmaz[, ONe obtains by direct computations:

leurl (B, — Ep)llg2(a) S B3/ (I £l g2y + el 2oy 5

# By construction, E;, — Ej, € V), so, given s €]1/2, 1], Theorem [V},] yields:

Idive(B), — Bl oy S hF3/20mar =1 (|1 £ 120y + llell z2gey ) -

#® |t follows that (Theorem ):

|E}, = Enllmeust.o) S Ao 072 (I fllp2 gy + lell2(a) )
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Numerics [1]

Numerical example [1]: stationary/static problem in 3D
e = u = 1 in the unit cube €2, with smooth solution.

(7r)n built from an initial mesh refined uniformly (5 levels).

L I

Solver based on the perturbed VF: one has to solve two direct problems, one in @y,
one in X}, (with v(h) = h?).

Pb in A}, is solved iteratively (bi-CGSTAB, with the preconditioner).
Computations have been carried out with COMSOL Multiphysics.

L I I

One can choose § = 1 for the convergence rates. So, one expects

||E - Eh“H(curl;Q) KS h
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Numerics [1] — results

o, N

HE E; HH(curl Q) N < h is observed.

® Forthe ||div (E — Ep)| g —s(q) error, one has, cf.

1/2
Jdiv (B=Bn)lr—+(@ S 11 F L2y +Hlel o)+ /2 (3 IBwmllZa))
JEF

1/2
So, one has to observe that 7;, := (Zfe}"h I[E}, - n]||%2(f)) < hl/2,

solid line: ny, ;
dotted line: slope -1/2.

10° 10
1/h
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Numerics [2]

-

® Numerical example [2]: stationary/static problem in 2D by

Given a source term f € L2(Q) (div f = 0), solve:

[ Find E € Ho(curl, Q) s.t
{ curl (,u_lcurl E) = f in (2 ;
| dive E =0 in Q.

Above,  is the unit square, and Q1 :=]0, $[x]0, 1[, Q2 :=] 3, 1[x]0, 1[.
The parameters are setto: (e1, 1) = (2, 2), resp. (e2, u2) = (5, 5).
The solution E is piecewise smooth.

—_

The meshsize h varies from 0.1 to 0.01.

L I

Computations have been carried out with Freefem++ (and a direct solver from
UMFPACK library), using either first order or second order edge finite elements.

® For the perturbed VF, the theory suggests the use of v(h) = h? for first order FE, resp.
of v(h) = h* for second order FE.

® We study the sensitivity of the perturbed VF to the value of ~.
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Numerics [2] — results

The || - relative error (with v = 10~=° fixed):

Iz2 (2

05

"RT00MY ——

RT10rtho —e—

red line: 1st order;
blue line: 2nd order;
dashed lines: slopes -1 and -2.
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Numerics [3]

Numerical example [3]: stationary/static problem in 3D by :
g piecewise-constant, 4 = 1 in the unit cube 2, with singular solution (0,4 = 0.45).

The meshsize h varies from 0.136 to 0.024.

Computations have been carried out with Freefem++ (and a direct solver from
UMFPACK library), using first order edge finite elements.

For the perturbed VF, the theory suggests the use of v(h) = h0-9.

However, numerical experiments suggest that it is more stable to use

h) = (hmin)® < Y2 where h,,in = min hx.
v(h) = ( ) > kﬂel% K

The results are reported for this value.

We compare the mixed and perturbed VFs.
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Numerics [3] — results
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® CPU times, in seconds (using a 1.6GHz i5-4200U Core, with 6GB RAM):

h | mixed VF | perturbed VF
0.136 0.003 0.001
0.049 0.055 0.039
0.033 0.339 0.186
0.024 4.165 0.756

NB. Speed-up =< 5.5 for h = 0.024.
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Conclusions

® Discrete e-divergence free elements have "small" ||div e - | -5 () (s €]1/2,1])...

® The properties of the solutions to the time-harmonic/time-dependent Maxwell
problems can be analyzed similarly, cf.

® The perturbed approach can be applied to magnetostatics with "optimized" ~(h).

® Numerical experiments suggest that one can use a posteriori/adaptive strategies with
the perturbed approach (y(h) = (hmin )20maz).

® Numerical experiments suggest that one can solve problems with sign-changing
coefficients with the perturbed approach.
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