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In this paper, we present several results concerning vector potentials and scalar
potentials with data in Sobolev spaces with negative exponents, in a not necessarily
simply-connected, three-dimensional domain. We then apply these results to Poincaré’s
theorem and to Korn’s inequality.

1. Weak versions of a classical theorem of Poincaré

In this work, (the results of which were announced in [2]),  is a bounded open con-
nected subset of R? with a Lipschitz-continuous boundary I'. The notation x-(,)x
denotes the duality pairing between a topological space X and its dual X’. The let-
ter C denotes a constant that is not necessarily the same at its various occurrences.

We begin with a weak version of a well-known theorem of Poincaré. Here as
elsewhere in this paper, “weak” means that the result to which it is attached holds
as well in Sobolev spaces with negative exponents.

Theorem 1.1. Let f € H-™(Q)? for some integer m > 0. Then the following
properties are equivalent:
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() s (F @i =0 for all @ € Vi = {p € HF Q)% div =0},
(il) m-m@s(fs @) am@ps =0 forale eV ={pc 2(Q)% dive=0},
(iii) There exists a distribution x € H-™11(Q), unique up to an additive constant,
such that f = grad x in 2.

If in addition Q is simply-connected, the above properties are equivalent to:
(iv) curl f =0 in Q.

Proof. For the equivalence between (i), (ii) and (iii), we refer to [4]. Since the
implication (iii) = (iv) clearly holds, it remains to prove that (iv) = (iii).

To begin with, let f € H~™(2)® be such that curl f = 0 in Q. We then use
the same argument as in [8]: We know that there exist a unique u € HJ*(Q)? and
a unique p € H-"1(Q)/R (see [5]) such that

A™y +grad p=f and divu =0 in Q. (1.1)

Hence A™curl u = 0 in © so that the hypoellipticity (see [10]) of the polyharmonic
operator A™ implies that curl u € C*(Q)3. Since div u = 0, we deduce that
Au = curl curl u € C>®(Q)3. This also implies that A™u belongs to C>®(Q)3
and is an irrotational vector field. By the classical Poincaré theorem, there exists
q € C(Q)3 such that A™u = grad ¢. Thus, f = grad (p + ¢) and, thanks to [4]
proposition 2.10, the function p + ¢ belongs to the space H~™1(Q). O

We can give another proof of the implication (iv) = (iii) by using the following
theorem:

Theorem 1.2. Assume that both Q and R3 \ Q are simply-connected. Let u €
HI'(Q)3, m >0, be a vector field that satisfies div uw = 0 in Q. Then there exists a
vector potential v in HJ 1 (Q) such that

u=curlyp, divA™'Pp=0 inQ, and |[|¢|gmie < Clulmmos. (1.2)
Proof. Let u € H{'(Q)3 be such that divu = 0 in  and let @ denote the
extension of w by 0 in R3\ Q. Thus & € HJ*(R?)3, div a = 0 in R3, and there
exist an open ball B containing Q and a vector field w € H{"™'(B)3 such that
@ = curl w, div A"t lw =0 in B, and

[w[zrmsr(mys < Cllwlam(s)s-

The open set ' := B\ Q is bounded, has a Lipschitz-continuous boundary and is
simply-connected. Furthermore, the vector field w’ := w|q/ belongs to H™ ()3
and satisfies curl w’ = 0 in (. Therefore, there exists a function x’ € H(Q') such
that w’ = grad x’ in €. Hence in fact X’ € H™*2(Q)’) and the estimate

X | 20y < Cllw' || gmr (r)s

holds. Since the function X’ € H™*2(Q)) can be extended to a function Y in
H™T2(R3), with

IXI| zrm+2@sy < ClX | gmz@y < Cllw'| gm+1 s,
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the vector field ¢ := w — grad X belongs to the space H™"1(B)? and satisfies
@lor = 0. Then the restriction ¢ := @|q belongs to the space HJ" " (Q)3, satisfies
the estimate (1.2), and curl @ = curl w = @ in B. Thus u = curl ¢ in Q. Let
now p denote the unique solution in the space HJ'" () of A™+2p = div A",
so that the estimate

[pllEm+2(0) < Cllellgmi @)
holds. Then the function ¥ = ¢ — grad p satisfies (1.2). O

We can give yet another proof of the above implication (iv) == (iii): Consider
again the solution u € HJ*(Q)? to (1.1) and let v € HJ*™(Q)? denote the vector
potential of u as given by theorem 1.2. We then have A" curl v = 0. If m = 2k,
for some integer k > 1, then

H-m-1(0)s (A™curl u, U>H6”+1(Q)3 = H—1(Q)3<Akcurl u, Akv>Hé(Q)3
= / AFu - AFcurl v da
Q
= ”AkuH%Q(Q)S'

This implies that A*u = 0 in  and thus u = 0 since u € HJ*(Q)3. The case
m = 2k + 1 follows by a similar argument. O

2. Scalar Potentials

Let I';, 0 < ¢ < I, denote the connected components of the boundary I' of the
domain 2, I'g being the boundary of the only unbounded connected component of
R3 \ Q. We do not assume that € is simply-connected, however we assume that
there exist J connected and oriented surfaces ¥;, 1 < j < J contained in €2, with
the following properties: each surface ¥; is an open subset of a smooth manifold,
the boundary of ¥; is contained in ' for 1 < j < J, the intersection 3; N'Y; is
empty for i # j, and finally the open set Q° = Q\ szl ¥, is simply-connected and
pseudo-Lipschitz in the sense of [1]. Each such surface X; is called a cut. Finally,
let [-]; denote the jump of a function over each cut 3¥;, 1 < j < J.
We then define the spaces

H(curl,Q) = {v € L*(Q)?; curl v € L*(Q)3},
H(div,Q) = {v € L*(Q)%; div v € L*(Q)},
each one being equipped with the graph norm, and their subspaces
Ho(curl, Q) = {v € H(curl,Q); v x n =0 on T},
Hy(div,2) = {v € H(div,Q); v-n =0 onT}.

For any function ¢ in H'(Q°), grad ¢ denotes the gradient of ¢ in the sense of
distributions in 2/(Q°). It belongs to L?(€2°)? and therefore can be extended to



March 25,2009 18:24 WSPC/INSTRUCTION FILE AmCC09

L?(Q)3. In order to distinguish this extension from the gradient of ¢ in 2'(Q), we
denote it by grad q. Finally, we remark that the space

Kp(Q) :={w € H(curl, Q) N Hy(div,); curl w =0 and div w =0 in Q}

is of dimension equal to J: As shown in [1] Prop. 3.14, it is spanned by the vector
fields grad q;fp, 1 < j < J, where each function q;; € H(Q°), which is unique up
to an additive constant, satisfies

Aq]T =0 in Q°,
3nqu =0, on I, (21)
[¢] ]k = constant, [9,q] ]k =0, (Onq] , 1)z, = b for 1 <k < J.

where (-,-)s, denotes the duality pairing between the spaces H~/2(3;) and
HY2(%y,).
Theorem 2.1. Given any function f € L*(Q)3 that satisfies

curl f=0 in Q and /f ‘v de=0 for all v € Kp(Q), (2.2)
Q

there exists a scalar potential x in HY(Q) such that
f=grad x inQ and  ||x|m @) < Clflr2e):- (2.3)

Proof. It suffices to show that, given any vector field v € Hp(div,Q) such that
div v =0 in €, there holds [, f- v dx = 0. Let

J

z = Z(v -n, 1)y, grad qu
j=1

and w = v — z. According to [1], theorem 3.17, there exists a vector potential

¥ € L?(Q)3 that satisfies w = curl 4, dive) = 0in Q and ¥ x n = 0 on I'.

Hence

/Qf-vd:n:/ﬂf-curl@bdmzo.

The result is then a consequence of theorem 1.1: there exists a function x € H*(£2)
satisfying (2.3). |

Remark 2.1. (1) Any function f € L?(Q)3 that satisfies curl f = 0 in Q can be
decomposed as:

f=grad x +grad p, with y € H'(Q) and grad pc Kr(Q).

Such a result was alluded to in [11].
(2) The second condition in (2.2) is trivially satisfied when 2 is simply-connected,
since Kr(Q) = {0} in this case.
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Theorem 2.2. Given any distribution f € Ho(div,Q))’ that satisfies
curl f =0 inQ and pgyaiv,0)(f 5 V)Ho@iv,o) =0 forall v € K7(Q),(2.4)
there exists a scalar potential x in L?(Q) such that

f=grad x inQ and [xllr2@) < CIfllHo(aiv.0)- (25)
Proof. Let f € Hy(div, )’ be such that curl f = 0 in Q. Hence (see proposition
1 of [6]) there exist ¥ € L?(2)3 and xo € L*(Q) such that

f=v+grad xo inQ and [[¢[L2)3 + Ixollzz) < Clfllmo(aiv.0y-  (2.6)

Observe that, thanks to the density of 2(2)3 in Hy(div,Q),

Ho(div, ) (8rad Xo, V) m,iv.) =0 forall v € Kr(Q).

Therefore, the function ¥ € L?(Q)? satisfies relations (2.2). By theorem 2.1, there
exists a function p € H'(Q) such that

Yp=gradp inQ and |[plaro) < Clllzz < Cllfllm(aiv.0)-
Hence the function xy = p 4 xo satisfies the announced properties. O
Remark 2.2. Note that this theorem is an extension of the equivalence (iii) <=
(iv) in theorem 1.1 with m = 1 to the case where 2 is not simply-connected.

More generally, let us introduce, for any integer m > 0, the space
H{*(div, Q):={v € Hy(div,Q); dive € HJ*(Q)},
which coincides with Ho(div, 2) for m = 0. Its dual space, denoted by H ™ (div, ©2),
can then be characterized by
H™(div, Q) = { + grad x; % € Ho(div,2)', x € H-"(Q)}.

One can also show that 2(Q2)? is dense in H{*(div, ) and that the following Green
formula holds for any x € H~™(div, Q) and v € H{*(div, Q):

g-m(div,) (8rad X, v)pm(divo) + g-m@) (X, dive)gm@) =0. (2.7)

As a consequence of theorem 2.2, it is easy to prove the following theorem, which
shows that property (iv) in theorem 1.1 also holds when € is not simply-connected.

Theorem 2.3. For any distribution f € H~™(div,Q) that satisfies (2.4), there
exists a scalar potential x in H™"(Q) such that

f=grad x inQ and |x|z-m@) <Clfllz—m(div,0)- (2.8)
Proof. We give the proof when m = 1; the general case is similar. Let f €
H~1(div,Q) satisfy (2.4). Then, there exist 9 € Ho(div,Q)" and xo € H~}(Q)

such that
f=1+grad xo inQ and Y| g0y +IIxolz-1@) < Clflla-1(giv,0)-(2-9)
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Observe that, thanks to (2.9), we have

H-1(div,0)(8rad Xo, v)mi@iv,) = — B-1(@) (X0, divv)gi) =0

for all v € K7(92). By theorem 2.2, there exists a function p € L?(Q) such that
1 = grad p and the estimate (2.5) holds. Then the function xy = xo + p satisfies
the announced properties. O

3. Vector potentials in HJ*(Q)3

First, we recall some results concerning the existence of tangential vector potential
(see [1] for proofs).

Below, (-,-)r, denotes the duality pairing between the spaces H~/?(T;) and
H'2(T;). Given any function u € H(div, Q) that satisfies

divu=0 inQ and (u-n,1l)r, =0 0<i<I, (3.1)
there exists a vector potential 9 in L?(2)? such that
u = curl 1, divep=0 inQ, and ¥ -n=0 onl, (3.2)

satisfying the estimate

¥l 22(0)2 < Cllullp2(0)s- (3.3)

Moreover, there exists a unique vector field 9 € L?(Q)? satisfying (3.2) and such
that

<,¢n71>23207 1<j<J, (34)

and the estimate (3.3) holds. When € is of class €11, then 1 belongs to H*(Q)?
and the estimate

[l s < Cllullzzo)s (3-5)

holds. If moreover uw € H™(2)? and Q is of class ™1, for some integer m > 0,
then 1 belongs to H™1(Q2)? and the estimate

[l amer s < Cllullgm s (3.6)

holds. We also recall the result concerning the existence of normal vector potentials
(see again [1] for proofs). For any vector field u € H(div,2) that satisfies

dive=0 inQ, w-n=0 onl' and(u-n,l)s, =0, 1<j<J, (3.7)
there exists a vector potential v in L?(Q)? such that
u=curl ¢, divep=0 inQ and ¥ x n=0 onT, (3.8)
and the estimate

1]l 22()s < CllwllL2(a)s (3.9)
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holds. Moreover, there exists a unique vector field 1 € L%(2)? satisfying (3.8) and
such that

(-n, D, =0, 0<i<I, (3.10)

and the estimate (3.9) holds. When u is more regular, then (3.5) and (3.6) are also
satisfied.

Remark 3.1. Let u be a vector field in H(div, () that satisfies:
diveu=0 inQ and v-n=0 onl.
Using the same arguments as those of theorem 2.1, it is easy to verify that
(w-n,l)g, =0, 1<j<J,

if and only if
/u-gradqfdsz forall 1 <j < J.
Q

Another kind of less standard but useful vector potential is given by the following
theorem.

Theorem 3.1. Assume that the boundary of the domain  is of class €V'. For
any function w in H(div,Q) satisfying (3.7), there exists a vector potential v in
HY(Q)3, such that

u = curl ¢ and div AY =01in Q, || g1 < CllulL2q)s. (3.11)

Proof. Given any vector field uw € H(div,Q) satisfying (3.7), we associate the
vector potential ¥, € H(Q)? satisfying (3.8) and the estimate

1ol ey < Cllullzia)s.

That T' is of class "' implies that the normal trace 1, - n belongs to H'/2(T).
Hence, the fourth-order problem

A’x=0 inQ, x=0 and I,x=1,-n onl
has a unique solution y in H?(Q) satisfying the estimate
Xl m#2(0) < Clltbg - nll g2y < CllullLz(o)s-
Then the vector field
% =1, —grad x

satisfies (3.11). O

The vector field 1 given by the previous theorem is unique up to vector fields
belonging to the space

K (Q):={w € H}(Q)?; curl w =0 and div (Aw) =0 in Q}
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(see proposition 3.1 below).

Corollary 3.1. Assume that the boundary of the domain € is of class €™+, for
some integer m > 0. For any vector field w € H™(Q)? that satisfies (3.7), there
exists a vector potential v in (H™1Q) N HE(Q))? satisfying

u = curl ¥ and div A =01in Q and || gmiiqps < COllu|gm@)s.

Proof. Under the given assumptions, the vector potential 1) given by the previous
theorem belongs to H™+1(Q)? and its normal trace 1 - n belongs to H™1/?(T),
on the one hand. On the other hand, the solution x to the fourth-order problem
found in the previous belongs to H™+2({2)3. m|

We now characterize the space K3 ().

Prop 3.1. Assume that the boundary of the domain  is of class €. Then the
space K}(f2) is spanned by the vector fields grad ¢}, 1 < i < I, where each ¢} is
the unique solution in H?(f2) to the problem

A%ql =0 in Q,
QHFO =0 and qi1|1‘k = dik, 1<k<I, (3.13)
Onql =0 on T,

((%Aqil, 1>1‘k = 5ik and <8nAq11, 1>p0 = —1, 1 S k S I.

Proof. First, we prove that the space K}(2) and the space
Gh:={grad q € H}()3, A?¢=0 inQ}

coincide. First, it is clear that G* is included in K¢ (). Second, given w € K2(1),
let w denote the extension by zero of w to an open ball B containing €. Since
curl w = 0 in B, w is the gradient of a function ¢ € H?(B). Moreover, ¢ = 0 in
B\ Q, so that ¢’ := q|q belongs to H3((2). Since w = grad ¢/, one finds that w
belongs to G!.

Moreover, it is clear that the set of vector fields grad ¢;, 1 < i < I, where ¢; €
H?(Q) is the unique solution to

A%g; =0 in Q,
Gilp, =0 and gl =0, 1<k <I, (3.14)
anQi =0 on F,

spans G (= K}(Q)).
One still has to check the last line of (3.13). Introduce now

My:={r € H?(Q); T‘FO =0 and T‘Fk = 0, 1<k<I, 0,r=0o0nT}.

For 1 <i < I, the problem: find q} in M5 such that

Vr € Mo, / Aq; Ardx = —r|F, , (3.15)
o ;
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has a unique solution. Furthermore, the following Green’s formula can be proven
by a density argument, for any functions q and r in M, with A%q in L?(Q):

I
/Q(AQQ)r de = /QAq Ardzx + Zr}m (On(Aq), Dr,.

i=1

This formula implies that the solution ¢} to (3.15) satisfies (3.13). The vector fields
grad ¢}, 1 < i < I, are clearly linearly independent and they belong to K2(f2).
Consequently, they form a basis of K2(€2). O

Prop 3.2. Assume that the boundary of the domain Q is of class €*'1. Given any
function w in H (div, Q) satisfying (3.7), there exists a unique vector potential ¥ in
HY(Q)? satisfying

u=curl ¢, divAyY =0 inQ and (J,(div Ay), I)r, =0, 0<i<I. (3.16)

Moreover, the estimate (3.5) holds.

Proof. Let (¢,—grad yx) be the potential vector of w given in the proof of theorem
3.1. Then the vector field

I
¥ =1py —grad x + Y (9u(AX), L)r, grad ¢

=1

satisfies (3.16) (note that the quantities (9,,(Ax), 1)r, are well defined since A%y =

0). O

Corollary 3.2. Assume that the boundary of the domain € is of class €™ for
some integer m > 0. Given any function u in H™(Q)3 that satisfies (3.7), there
exists a unique vector potential v in (H™1Q) N HY(Q))? satisfying

u=-curl Y, div Ap=01in Q and (9,(div Ay), 1)r, =0, 0<i<IT
and the estimate (3.6).

Theorem 3.2. Assume that the boundary of the domain Q is of class €**'. Given
any function w in H}(Q)? that satisfies

divu =0 in Q and (u-n,l)y, =0, 1<j<J, (3.18)
there exists a vector potential v in HZ(Q)? such that

u=curly and divA*Pp =0 inQ and |9 g3 < Cllulm@s. (3.19)

Proof. Given u in H}(Q2)? that satisfies (3.18), let ¢ € (H2(2) N Hg(22))? denote
the vector potential given by corollary 3.2. The sixth-order problem

ox

2
ABXZO inQ, X:a—n_o and ﬂ_@_cp

I = Bn onT, (3.20)
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has a unique solution y € H3(f2) that satisfies the estimate

I
X1 22(0) < C”a_nHHl/?(F)?’ < Cllellazps < Cllulla s

Note that the last boundary condition in (3.20) can be written as

0 _ Op
(a—ngrad x) m=o-n

For any unit tangent vector 7 on I', we have:

Op 0p; dp; Op;
8_1?, T = 83;‘j n;T = a—xZTi’rLj = 8—7}71]‘ =0.

Also, one can show that (d,grad x) - 7 = 0, which implies that the relation
Ongrad x = O, holds. So, the vector field ¥ = ¢ — grad x belongs to H2(Q)?
and satisfies (3.19). O

The vector field 1 given by Theoerm 3.2 is unique up to vector fields in the
space
K2(Q):={w € HZ(Q)* curl w =0 and div A?w =0 in Q},
which we now characterize.

Prop 3.3. Assume that the boundary of the domain  is of class ¥%'. Then the
space K2(£) is spanned by the vector fields grad ¢7, 1 < i < I, where each function
q? is the unique solution in H3(f2) to the problem

A3¢2 =0 in Q,

_ 2 _
qig‘]_“o =0 and q; |Fk~ - 6ik7 1 S k S -[7 (321)
Ong? =02¢2=0 onT,

(0n(A%¢%), V)p, = di and ~ (0,(A%¢?), I)p, = 1,1 <k <.

Proof. First, we prove that the space KZ(Q) coincides with the space
G%={grad q € H3(Q)?; A%¢=0 in Q},

using the same argument as in proposition 3.1. We next note that the set of vector
fields grad ¢;, 1 <i < I, where ¢; € H3(Q) is the unique solution to the problem

AB(]i =0 in Q,
qi|l—‘0 =0 and qi|rk = 5ik7 1 S k S Iv (322)
Ongi = 02¢; =0 on T,

spans K2(Q).
Let now

Mz:={r € H*(Q); r|, =0, | = i, 1<k <T, dor=02r=0o0nT}.
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For 1 < i < I, the problem: find ¢? in Mj3 such that
Vr € Ms, / grad Ag? - grad Ardz = 7"|p , (3.23)
Q K2

has a unique solution. Furthermore, the following Green’s formula can be proved
by a density argument, for any functions ¢ and r in M3 with A3q in L?(Q):

ij
/Q(ABq)r de = —/Qgrad Ag-grad Ardz + Zr|m (00(A29),)r, .

i=1
This formula shows that the solution ¢? of (3.23) satisfies (3.21). The vector fields
grad ¢?, 1 < i < I, are clearly linearly independent and they belong to K2(12).
Consequently, they form a basis of KZ(Q). O

Corollary 3.3. Assume that the boundary of the domain € is of class €*'. Given
any function w in H}(Q)3 such that (3.18) holds, there exists a unique vector
potential ¥ in HZ(Q)? satisfying

u = curl ¥, div A%p =0in Q and (0,(div Ap), )r, =0, 0<i<I,
with the corresponding estimate.

More generally, we can prove using the same arguments:

Theorem 3.3. Assume that boundary of the domain 2 is of class €™+ for some
integer m > 1. Given any vector field w in HY*(Q)? that satisfies (5.18), there exists
a vector potential v in HJ'" " (Q)® such that

u = curl ¥ and div A" 'p =0 in Q and |9 1) < Cllu]lgmoys. (3.25)

Moreover, there exists a unique vector potential ¥ in HJ"**(Q)3, satisfying (3.25)
and

(Opdiv Ap™ ™ D, =0, 0<i<I. (3.26)

Remark 3.2. Similar results are found in Borchers & Sohr [7], but with different
proof.

Let 2 be a domain with a boundary of class €™ 1! for some integer m > 1 and
let w in HJ(Q2)? be such that div w = 0. If Q is simply-connected (J = 0), and T’
is connected (I = 0), then there exists a unique vector potential 4 in H""!(Q)3
satisfying (3.25).

4. Weak vector potentials

First, we note that the continuous embeddings Ho(curl,Q)" — H~(Q)3 and
Hy(div, Q) — H~'(Q)? hold. Besides, given any f € H~'(Q)?, we know that
there exist a unique u € HJ ()% and x € L*(Q2) such that

f=—-Au+grad x and divu =0 in (4.1)
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and satisfying the estimate

llwll 5y + Ixlzz)m < ClFlla-1()s-

Letting & = curl u, we obtain the decomposition f = curl £ + grad x with
divé=0inQand £-n =0onT. Since & € L?(2)? and x € L?(), it follows that
curl € € Hy(curl, Q) and grad x € Hy(div,Q)’, so that

H™Y(Q)3 = Hy(curl, Q) + Hy(div,Q)’. (4.2)

Prop 4.1. Assume that the boundary of the domain  is of class ¥’*'1. Then, for
any f in the dual space Hop(div, ), there exist a unique w € (H?(2) N H(Q2))3
and y € L2() solution to (4.1) and satisfying the estimate

lwll g2 + XLz r < CIFl o div.0) -

Proof. Let f be in the dual space of Hy(div,2). We know (see proposition 1 of
[6]) that there exist ¥ € L?(2)® and xo € L?(£2) such that

f=v+grad xo and [[¢| 203 + [[x0ll2() < Cllflmoaiv.0)- (4.3)
Thanks to the regularity of I', there exist w € (H?(Q)NH(Q))? and p € H(Q)
satisfying
Y =—-Au+grad p and divu =0 in Q, (4.4)
with
lwllr20) + Pl )R < Clltbll2(0)e-
Then w and xy = p + xo satisfy the announced properties. O

We next consider the space
Kn(Q):={w € Hoy(curl,Q) N H(div,Q); curl w = 0 and divw =0 in Q}

which is of dimension I. As shown in proposition 3.18 of [1], this space is spanned
by the vector fields grad ¢, 1 <14 < N, where each function ¢ € H(Q) is the
unique solution to the problem

AgN =0 in Q,

N _ N _
g =0 onTy, (0ng", )r, = —1, (4.5)
g = constant on Ty, (0n,q¢Y, U)r, = i, for 1 <k < I.

Theorem 4.1. Given any distribution f in the dual space Hy(curl, Q)" that satis-
fies

div f =0 in Q and gy (curt,0) (f , V)Hy(cure) =0 forall v e Ky(Q), (4.6)
there exists a vector potential & in L?(Q)® such that

f=curl £, with divgE=0 inQ and &-m=0 onl, (4.7)
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and such that the following estimate holds:
[€llL2(0)2 < CllF o (curt,o) - (4.8)

Proof. Let f be in the dual space Hy(curl, Q). According to corollary 5 of [6],
there exist 1 € L?(Q)3 and &, € L?(Q)? with div&, =0in Qand §,-n =0on T,
such that f = 1 + curl &, and such that the estimate

Yl 22 + [1€ollz2)s < Clfll Ho(curro)

holds. Thanks to the density of 2(Q)? in Hy(curl, ), we deduce that for all v €
Kn(Q), we have

Ho(curl,Q)’<curl EO ) U>Ho(cur1,Q) =0.

Since div f = 0, it follows that div ¢ = 0. Then, thanks to the orthogonality
relations

Ho(curl,Q)’<.f , grad qiN>Hg(curl,Q) =0 foralli=1,...,1,

the relations (¢ - m, 1)p, = 0 are satisfied for all ¢ = 1,...,I. There thus exists a
vector potential ¢ € L?(Q)3 (see theorem 3.12 of [1]) such that 1 = curl ¢, with
div e =0in Q and ¢ -n =0 on I', and such that

llellr2)s < CllllL2()s-

Hence, the vector field £ = £, + ¢ possesses the announced properties. O

Remark 4.1. The previous theorem has been established in [6] when I' is con-
nected, in which case Ky = {0}.

For any integer m > 0, let us introduce the space
H"(curl, Q) := {v € Hy(curl,Q); curl v € HJ'(Q)*}.
We can easily characterize its dual space, as:
H " (curl,Q) = {4 + curl &; ¥ € Hy(curl,Q)’, € € H ()%},

We can prove that 2(2)? is dense in H*(curl,Q) and that the following Green
formula holds: for any € € H~™(curl, ) and v € H"*(curl, )

H-m(curl,)(CUrlE, v)pmcurr,) + m-m@)s(§, curlv)ymgp =0. (4.9)

By using the decomposition (1.1) with (m 4+ 1) instead of m, it is easy to prove (as
in Section 2) that

H™ Q) = H ™ (curl, Q) + H ™(div ,Q), form > 1.
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Theorem 4.2. For any distribution f in the dual space H~*(curl, Q) that satisfies
divf=0 inQ and (f, v) =0, foral veKy() (4.10)

there exists a vector potential & in H~1(Q)? such that
f=curl§, div€=0 inQ, and [€llg-1p < ClIfla-1(curo)- (4.11)

Proof. Given f in the dual space H !(curl, Q), there exist fo € Ho(curl, Q)" and
&, € H71(Q)? such that f = fo + curl &, and satisfying the estimate

||.f0||H0(curl,Q)’ + ||€0||H—1(Q)3 < CHf||H—1(curl,Q)~
Since &, € H~ ()3, there exists 8y € L?(Q)3 satisfying div 8y =0 in Q, 8p-n =0
on I', and there exists xy € L?(Q) such that £, = curl 6, + grad x and
160l 2205 + Xl 2200 /R < Cll€ollm-1(02)3-
Since fo € Ho(curl, Q) then fo = 1), + curl ¢, with ¥, € L%(Q)3, ¢, € L*(Q)3,
div g =0in Q, oy -n =0 on I' and
[¥ollL2)2 + l@ollz2@)z < Clifollo(eurt) -

Then f = 1 + curl ¢, + curl curl 6y = ¢, + curl u, with u = ¢, + curl 6y,
div g =0 in Q, and the estimate

1%ollz2()s + 1l -1y < CIfll -1 (curL0)

holds.
Thanks to the density of 2(Q)3 in H}(curl, ), we infer that

H~1(curl,Q) (curl B, ’U>Hé(curl,§2) =0, foralwe KN(Q)

Since div f = 0, div ¢, = 0 and therefore the condition (1, - n, 1)r, = 0 is
automatically satisfied for any ¢ = 0,...,1. Then by (3.1), there exists a vector
potential ¢ € L2%(2)® such that

YP,=curl ¢, dive=0 inQ and ¢ -n=0 onl,
and

lell2(0)s < CllvpgllL2(a)z-
Hence, the vector field & = p + ¢ satisfies the announced properties. O

More generally, we can prove:

Theorem 4.3. Given any integer m > 0 and any distribution f in the dual space
H~™(curl, Q) that satisfies (4.10), there exists a vector potential & in H~™(Q)>
such that

f=curl§, with div€&=0 inQ, and |[{||lg-m@)3 < Clfllz-m(cur,o)-
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5. Weak versions of Korn’s inequality

Finally, we consider tensor fields. The next theorem generalizes theorem 3.2 of [8]
and theorem 7 of [3] to Sobolev spaces with negative exponents.
In what follows, the subscript s denotes a space of symmetrix matrix fields.

Theorem 5.1. Assume that Q is simply-connected. Given an integer m > 0, let
e = (e;j) € Hy™(Q)**3 be a symmetric matriz field that satisfies the following
compatibility conditions for all i,j,k,l € {1,2,3}:

- e Pej Pejp DPeq
L= Ox0x;  Owpdx; OxiOx;  Oxp0x,

=0 in H ™). (5.1)

Then there exists a vector field v € H-™T1(Q)? such that e;; = %(8;v; + Oiv;) and
v is unique up to vector fields in the space R(Q) = {a + b ANidg; a,b € R3}.

Proof. Given e = (eij) S H'S—’IYL(Q)3X37 let fijk = 8je¢k — 8iejk. Then fijk S
H~"71(Q) and, thanks to the compatibility conditions (5.1), we have

0 0
8_xlfijk = a—xkfijl-
Hence the implication (iii) = (iv) in theorem 1.1 shows that there exist distribu-
tions p;; € H~"(£2), unique up to additive constants, such that Oxp;; = fijk.
Besides, since 0xp;j = —0Okpji, we can choose the distributions p;; in such a way
that p;; + p;; = 0. Noting that the distributions g;; := e;; + p;; belong to H (1)

and satisfy 0ixqi; = 0;qik, we again resort to theorem 1.1 to assert the existence of
distributions v; € H=™%1(Q), unique up to additive constants, such that 9;v; = ¢;Q

For any integer m > 0, let
BE(Q) = {e € H,™ (¥, Zij(e) = 0}
and
H™" Q) = H™TH(Q)*/R(Q).

By the previous theorem, given any e = (e;;) € E(f), there exists a unique v =
(0;) € H-™+1(Q)3 such that e;; = 1(0jvi 4+ div;). We may thus define a linear
mapping F : E(Q) — H-™t1(Q)3 by F(e) = 9. Using the same method as in [8],
we can then prove the following Korn’s inequality in Sobolev spaces with negative
exponents:

Theorem 5.2. The linear mapping F : E(Q) — H-™T1(Q)? is an isomorphism.
Besides, there exists a constant C > 0 such that

infreollv + Mlm-mii@s <CY_ lley(v)lla-m@ forallv e H™H(Q)?,
i
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and

[0l z-ms1(ays < CUlwlla-ms + D llei(0)la-m(@) forallv € H"H(Q)?
.3

where sij(v) = %((%’U@ + 81'113‘).

Remark 5.1. Analogous techniques would likewise extend to Sobolev spaces with
negative exponents the results obtained for non-simply connected domains in [9],
[12] and [13].
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