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Abstract

In this paper, a new type of staggered discontinuous Galerkin methods for the three dimensional
Maxwell’s equations is developed and analyzed. The spatial discretization is based on staggered
Cartesian grids so that many good properties are obtained. First of all, our method has the advan-
tages that the numerical solution preserves the electromagnetic energy and automatically fulfills a
discrete version of the Gauss law. Moreover, the mass matrices are diagonal, thus time marching is
explicit and is very efficient. Our method is high order accurate and the optimal order of conver-
gence is rigorously proved. It is also very easy to implement due to its Cartesian structure and can
be regarded as a generalization of the classical Yee’s scheme as well as the quadrilateral edge finite
elements. Furthermore, a superconvergence result, that is the convergence rate is one order higher
at interpolation nodes, is proved. Numerical results are shown to confirm our theoretical statements,
and applications to problems in unbounded domains with the use of PML are presented.
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1. Introduction

In this paper, we will develop and mathematically analyze a new class of staggered discontinuous
Galerkin (DG) methods for the time-dependent Maxwell’s equations in three space dimensions. We
will construct a class of methods that will provide the following advantages:

(1) high order accurate,

(2) optimal rate of convergence,

(3) conservation of the electromagnetic energy,
(4) diagonal mass matrix, and

(5) automatic fulfillment of a discrete Gauss law.

We start with a description of the problem setting. Let € be a bounded domain in R? and T > 0
be a fixed time. We consider the following Maxwell’s equations

E

Eaa—t—VXH = —J, =ze€Q te(0,T), (1)
H

'uaa—t—l—VXE — 0, zeQ te(0T), (2)
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where E and H are the electric and magnetic fields to be approximated, J is the given current
density, € and p are the electric permittivity and the magnetic permeability respectively. Throughout
the paper, vectors are denoted by bold face. The above problem is equipped with the perfect
conductor boundary condition E x n = 0 on 02 as well as initial conditions. Furthermore, the
exterior problem for the above Maxwell’s equations will be considered, for which our method coupled
with the perfectly matched layer (PML) will be used. In this case, {2 represents the computational
domain which contains the absorbing layers, see Berenger [1]. The main significance of this paper is
the spatial discretization of (1)-(2) on staggered Cartesian grids, which will give the above desirable
properties.

The study of numerical solutions of partial differential equations by the DG methods is a very
active research topic, see for example Brezzi, Marini & Siili [3] for the application of DG method
to the first order hyperbolic system, Gittelson, Hiptmair & Perugia [19] for the helmholtz equation
and Cockburn & Shu [14] for the convection-diffusion equation. DG methods for the time dependent
Maxwell’s equations are widely studied in literature. For instance, upwind type DG and central type
DG are proposed and analyzed in Hesthaven & Warburton [21] and Fezoui, Lanteri, Lohrengel &
Piperno [18] respectively. In Grote, Schneebeli & Schétzau [20], the optimal convergence and energy
conservation for the interior penalty DG are proved. Besides, many DG methods are developed
and analyzed for the time harmonic Maxwell’s equations and the Maxwell eigenvalue problem, see
for example Brenner, Li & Sung [2], Buffa, Houston & Perugia [4], Buffa & Perugia [5], Costabel
& Dauge [16], Dauge [17], Houston, Perugia, Schneebeli & Schétzau [23, 24], Houston, Perugia &
Schétzau [25], Perugia, Schétzau & Monk [30] and Chung & Lee [11].

Recently, a new class of DG methods based on a non-standard type of staggered grid is introduced
in Chung & Engquist [9, 10] for the wave equations, in Chung & Lee [11] for the curl-curl operator and
in Chung & Lee [12] for the convection-diffusion equation. Moreover, wave transmission problems in
the interface between classical material and meta-material using this kind of method is proposed and
analyzed in Chung & Ciarlet [6]. These methods have the advantages that the structures, such as
energy and density, arising from the partial differential equations are preserved. Moreover, for time-
dependent problems, the resulting mass matrices are block diagonal. The lowest order version of
these methods is also related to the co-volume method, see Chung, Du & Zou [7], Chung & Engquist
[8], and the classical Yee’s scheme, see Yee [31]. In this paper, we will develop a new numerical
method for the time-dependent Maxwell’s equations based on this new staggered grid idea. We
emphasize that, there are many methods in literature, but as far as we know, the method proposed
in this paper is the first one that all the above desirable properties are proved. We will develop
two types of staggered DG elements. For the first type, different components of the electric and
magnetic fields will be approximated by different orders of polynomials, similar to the Nedelec’s first
family, see Nedelec [28], Hiptmair [22] and Monk [27]. The second type uses the same polynomial
order for all components of electric and magnetic fields, similar to the Nedelec’s second family, see
Nedelec [29]. One of the key differences is that our element is globally discontinuous with local
tangential continuity, contrary to the global tangential continuity of Nedelec’s elements. Another
difference is that our element is defined on staggered grids. All these differences result in the above
advantages. Furthermore, a distinctive feature of our method is that we use a combination of
Gaussian points and Radau points as interpolation points which gives diagonal mass matrix as well
as energy conservation. Related work using Gauss point mass-lumping can be found in Cohen &
Monk [15].

In addition, we will prove a superconvergence result, which states that the convergence rate
is one order higher at the interpolation points. For elliptic problem, a related result is proved in
Cockburn, Kanschat, Perugia & Schotzau [13]. For Maxwell’s equations with Nedelec first type
elements, superconvergence is shown for the lowest order case in Huang, Li, Yang & Sun [26]. In



this paper, we will prove a superconvergence result for arbitrary order of approximation polynomial.

The paper is organized as follows. In Section 2, we will introduce the new staggered DG space,
and in Section 3, we will give the method derivation. The conservation of electromagnetic energy and
discrete Gauss law will be proved in Section 4. The convergence and superconvergence of our method
are proved in Section 5. In Section 6, numerical results are presented to validate our theoretical
estimates and the use of PML for unbounded domain problem is shown.

2. Staggered DG Spaces

In this section, we will give the definitions of our staggered Cartesian grids as well as the staggered
DG finite element spaces. These spaces retain some good properties of the classical Nedelec edge
finite element spaces of the first and second types introduced in Nedelec [28, 29] and at the same time
give more advantages. Furthermore, we will give a brief review of Gaussian and Radau points which
are used as interpolation points. These are the key ingredients that give diagonal mass matrices and
energy conservation.

We consider a rectangular domain Q = [0, L]? on which a rectangular grid is defined with mesh
sizes hi, he and hs respectively in z,y and z directions. The nodal points z;,y;, 25, are defined by
x; = th1,y; = jho and 2z, = khg, 4,5,k = 0,1,2,---. We call this rectangular grid the initial grid.
The finite element basis functions of H and E are defined on staggered grids derived from the initial
grid. For that, we need mid-points, with coordinates defined by Tipl = == %)hl, Yjrl = (£ %)hg,
et = (k£ 1)hs. We emphasize that different components of H and E are defined on different
staggered grids.

Let p,p1,p2,p3 > 0 be non-negative integers. We use the notation Qp, p,p, to represent the
space of polynomials of degree p; for x-variable, degree po for the y-variable and degree p3 for the
z-variable. If p = p1 = ps = p3, we write Qppp = Qp. Moreover, we let h = max(hq, ha, hs).

To begin the description of our new DG method, we will first review the definitions of Gauss-
Radau points and Gauss-Radau quadrature. Let p > 0. Consider the interval [0, h]. The Gauss-
Radau quadrature points 0 = g < &1 < & < -+ < &, < h and the positive weights wo, w1, wa, -+, wp
are defined so that the following integration rule

h P
/O ) de =0 wif(€)
1=0

is exact for all polynomials of degree less than or equal to 2p. The above formula is called the
Gauss-Radau quadrature. Furthermore, we will use these points as interpolation points to define
our basis functions. In particular, for a given 4, ¢ = 0,1,---,p, we define by n,;(§) the unique
polynomial of degree p such that 7, (&) = 1 and n, ;(&) = 0 for i’ # . One distinctive advantage
is that these basis functions are orthogonal since by the Gauss-Radau quadrature we have

h P
/0 Mp,i (§) Mp,ir (§) d§ = h Z willp,i (i) Np,ir (&) = hw;di

i=0

where 5“‘/ =1if ¢ =4 and 51'1'/ =0if i 7é 7.
Let p > 1. The Gaussian quadrature points 0 < 7 < 2 < --- <7y, < h and the positive weights
c1,C2, -+ ,cp are defined so that the following integration rule

h P
/0 FG)dy =Y af()



is exact for all polynomials of degree less than or equal to 2p — 1. The above formula is called the
Gaussian quadrature. Furthermore, we will use these points as interpolation points to define our
basis functions. In particular, for a given ¢, ¢ = 1,--- , p, we define by A, ;(7y) the unique polynomial
of degree p — 1 such that A, ;(v;) =1 and Xp ;(y) = 0 for i’ # i. One distinctive advantage is that
these basis functions are orthogonal since by the Gaussian quadrature we have

h P
/0 Api(V) Ap,ir () dy = R Z Cidp,i(Yirr) Apir (i) = heibiir.

=1

Our basis functions are defined by using interpolation points obtained from some tensor products
of the above points. Consider a reference element 7 = [—h,h]®. In 7, we define two types of
interpolation points, which are symmetric about the origin (0,0, 0).

First type interpolation points:

We take p > 1. We will define three sets of interpolation points S?),Sél) and Sél). Sil) is
defined by the tensor product of

{*’va"' — V1,71, 77[7} X {75117"' 7751507517"' a&p} X {7§p7"' 7751507517"' a&p}'
Similarly Sél) and Sél) are defined by the tensor products of
{_gpa"' 5_6130551;"' agp} X {_’YP"" — 71,71, 371)} X {_6;0"" 3_61503613"' agp}'

and

{75277"' 5751705515"' 75?} X {75117"' 5751705515"' 75?} X {7’}/?7"'7717715"' 77}7}'

respectively.

Second type interpolation points:

We take p > 0. We will define three sets of interpolation points S’§2),S§2) and Sg(,?). S%Z) is
defined by the tensor product of

{_’YP"Fl’.. STV, YL, 371)-‘1-1} X {_gpa" . 3_61503613" . agp} X {_é-pa" . 3_61503613" . agp}'
Similarly Sf) and S§2) are defined by the tensor products of

{75275"' 5751705515"' 75;0} X {7’Yp+17"' — V1,71, 77p+1} X {75107"' 7751507517"' a&p}'

and

{_gpa"' 5_61305515"' agp} X {_gpa"' 5_61305515"' ’é-p} X {_’YP+1"" - V1,71, 371)"1‘1}'

respectively. We remark that the superscripts in the above definitions denote the type of interpola-
tion points. The main difference between the above two types of interpolation points is that we use
one more Gaussian point in the second type for the same value of p.

With the above two types of interpolation points, we will define the finite element spaces for
H = (Hy, Hy, H3)'. As they will be illustrated below, the finite element functions for H are defined
with respect to faces. Thus, we will call these high order face basis functions. These are also related
to the H(div)-conforming finite elements, see Nedelec [28, 29].

We begin by the definition of the finite element space U; for the component H;. Consider a face
 of the initial grid that has normal direction parallel to the z-axis. We write

k={r=z;, ¥ <y <yjt1, 2 <2< 2k}



A

Figure 1: A macro cell 71 (x) with center point denoted by black square. This macro cell is sub-divided into 8 sub-cells.

Then, associated to the face s, we define a cell 71 (k) as follows:
(k) = [%;%75014%] X (Y5, yj41] X [2ks 241

Correspondingly, our basis functions for H; will have support on 71 (k), for each face x that has
normal direction parallel to the z-axis. Each 71(x) is called a macro cell and is divided into 8
rectangular subregions, called sub-cells, by using the center point (J:i,yj 102 +%), and 12 internal
faces parallel to the faces of 71(k), see Fig 1. The space U; is then defined as the space of functions
whose restriction to each macro cell 71(k) are piecewise polynomials with additional continuity
requirement on the internal faces. Note that there is no continuity requirement on the faces between
two macro cells. We will define two types of staggered DG spaces based on the two types of
interpolation points defined above.

e First type basis functions for first component

For p > 1, these functions are piecewise polynomial on each macro cell 71(k) that belong to
Qp—1,p,p in each of the 8 sub-cells with the additional requirement that they are continuous on
the 8 (out of 12) internal faces of 71 (k) that are parallel to the z-axis. If the macro cell 7 (k)
is mapped to the reference element 7 with the center of 71 (k) mapped to the origin of 7, then
these functions can be defined via the interpolation points SP. Thus, inside each macro cell,
the functions are continuous with respect to the y and z variables while discontinuous with
respect to the x variable.

e Second type basis functions for first component

For p > 0, these functions are piecewise polynomial on each macro cell 71 (k) that belong to
Qp in each of the 8 sub-cells with the additional requirement that they are continuous on the
8 (out of 12) internal faces of 71 (k) that are parallel to the z-axis. If the macro cell 71 (k) is
mapped to the reference element 7 with the center of 71(k) mapped to the origin of 7, then
these functions can be defined via the interpolation points S’§2). Thus, inside each macro cell,
the functions are continuous with respect to the y and z variables while discontinuous with
respect to the x variable.



Next, we define the finite element space Us for the component Hs. To do so, we consider a face
# that has normal direction parallel to the y-axis:

E={zi ST <wip1, y=y;, 2 <2 < 241 b,
and introduce the corresponding macro cell 72(x) by
TQ(’%) = [:L'iaxi—i-l] X [yj_%,yﬁ%] X [Zk,2k+1].

This macro cell is then divided into 8 rectangular sub-cells by using the center point (x; 1Y Pyl ).
The space Us is then defined as the space of functions whose restriction to each macro cell (k)
are piecewise polynomials with additional requirement on continuity on internal faces. Note that
there is no continuity requirement on the faces between two macro cells. We will define two types
of staggered DG spaces based on the two types of interpolation points defined above.

e First type basis functions for second component

For p > 1, these functions are piecewise polynomial on each macro cell 72(k) that belong to
Qp,p—1,p in each of the 8 sub-cells with the additional requirement that they are continuous on
the 8 (out of 12) internal faces of 72(k) that are parallel to the y-axis. If the macro cell (k)
is mapped to the reference element 7 with the center of 72(x) mapped to the origin of 7, then
these functions can be defined via the interpolation points Sél). Thus, inside each macro cell,
the functions are continuous with respect to the x and z variables while discontinuous with
respect to the y variable.

e Second type basis functions for second component

For p > 0, these functions are piecewise polynomial on each macro cell 75(x) that belong to
Qp in each of the 8 sub-cells with the additional requirement that they are continuous on the
8 (out of 12) internal faces of 72(k) that are parallel to the y-axis. If the macro cell 72(k) is
mapped to the reference element 7 with the center of 72(x) mapped to the origin of 7, then
these functions can be defined via the interpolation points S§2). Thus, inside each macro cell,
the functions are continuous with respect to the x and z variables while discontinuous with
respect to the y variable.

Finally, we define the finite element space Us for the component Hs. We consider a face s that
has normal direction parallel to the z-axis:

k={z <2<z, ¥ SY <Y, 2= 2
and introduce the corresponding macro cell 73(x) by
73(k) = [, wiga] X [yj, yj] X (2415 214 1]

This macro cell is then divided into 8 rectangular sub-cells by using the center point (x; T Yl 2k )
The space Us is then defined as the space of functions whose restriction to each macro cell 73(k) are
piecewise polynomials with additional requirement on internal faces. Note that there is no continuity
requirement on the faces between two macro cells. We will define two types of staggered DG spaces
based on the two types of interpolation points defined above.



e First type basis functions for third component

For p > 1, these functions are piecewise polynomial on each macro cell 73(k) that belong to
Qp,p,p—1 in each of the 8 sub-cells with the additional requirement that they are continuous on
the 8 (out of 12) internal faces of 73(k) that are parallel to the z-axis. If the macro cell 73(k)
is mapped to the reference element 7 with the center of 73(x) mapped to the origin of 7, then
these functions can be defined via the interpolation points Sél). Thus, inside each macro cell,
the functions are continuous with respect to the x and y variables while discontinuous with
respect to the z variable.

e Second type basis functions for third component

For p > 0, these functions are piecewise polynomial on each macro cell 73(x) that belong to
Qp in each of the 8 sub-cells with the additional requirement that they are continuous on the
8 (out of 12) internal faces of 73(k) that are parallel to the z-axis. If the macro cell 73(k) is
mapped to the reference element 7 with the center of 73(k) mapped to the origin of 7, then
these functions can be defined via the interpolation points S§2). Thus, inside each macro cell,
the functions are continuous with respect to the x and y variables while discontinuous with
respect to the z variable.

Next, we will give the definitions of the finite element spaces for E = (E1, Fa2, E3)t. These spaces
are defined with respect to edges. Thus, they are called high order edge basis functions. These are
also related to the H (curl)-conforming finite elements, see Nedelec [28, 29].

We first give the definition of the finite element space W for the component E;. Consider an
edge o that is parallel to the x-axis. We write

o={zi<w<wmipn, y=y; z2=2u}
Then we define the corresponding macro cell 7 (0):
m1(0) = [i, Tig1] X [yj—%aijr%] X [Zkfévzlﬂr%]'

This macro cell is then divided into 8 rectangular sub-cells by using the center point (z,, 1Y 2k)-
We also consider two types of staggered DG spaces. The space W7 is defined in the same way as Uj .
To define the finite element space W5 for Es, we consider an edge o that is parallel to the y-axis,
and write
o={z=u; yj <y < Yj+1, 2 =2k },

and define the corresponding macro cell m5(0):
72(0) = [T 1, @i 1] X (Y, yi41] ¥ (215 2 1)

The space W is defined in the same way as Us.
Likewise, for the finite element space W3 for E3, we take an edge o that is parallel to the z-axis,
and write
o={z=xi, y=yj, 2k <2< zk41 },

we define the corresponding macro cell 73(0):
3(0) = [%’—%v%’-ﬁ] X [yj—%vyj-‘,-%] X 2k, 2k41]-

The space Wj is defined in the same way as Us.



3. Method derivation

In this section, we will give a detail derivation of our new staggered DG method for the Maxwell’s
equations (1)-(2).

First, we recall that 71 (x), 72(k) and 73(k) are defined as the macro cells with respect to the faces
of the initial grid that have normal direction parallel to the x-, y- and z-axis respectively. To derive
our new staggered DG method, the key idea is to obtain an integral form of the Maxwell’s equations
on these staggered macro cells. We take a test function ¢ = (¢1,0,0)" with ¢; € Uy, multiply (2)
by it and integrate the resulting equation over a macro cell 71 (k) to obtain

/rl(n) Ma—tl ¢1 dx + {/ (E2£ — EBai;j) dx — /é)Tl(H)(EQTLB — E3n2)¢1 dS} =0. (3)

T1(K)

Replacing the exact solution H; by the numerical approximation HJ', we get

8H{L ha¢1 ha¢1 h h B
/n(n)u ot ¢1 dz + {/ (B2 9z Oy ) dx — /cﬁ‘rl(ﬁ)(EQ n3 — E3nz)¢: dS} =0. (4)

T1(K)

To simplify notations, we define

0 0
By, (E", ¢) = / (B35~ 0Ly / (Efng — Ejna)y ds.
(k) o Yy a1 (k)

In the same way, we multiply (2) by a test function ¢ = (0, ¢2,0)" with ¢o € Us, integrate the

resulting equation on a macro cell 79(k) and finally replace exact solutions by DG solutions to
obtain

OHy n002 002 h h _
/mm o én da + {/ (BYS2 — B S2) do - /BTM(E3 ny — E'ng)es ds} —0. (5

T2 (K)
We define

9] 0
BTZ(K)(Eh, d)) = / (E‘g”—qﬁ2 — E?—QE) d:c — / (Egnl — E??’Lg)qﬁg dS
al' 32 72 (kK)

T2(K)

Similarly, we multiply (2) by a test function ¢ = (0,0, ¢3)! with ¢3 € Us, integrate the resulting
equation on a macro cell 73(k) and finally replace exact solutions by DG solutions to obtain

OH} W00 003 . ) )
/TS(N)M It ¢3 dx + {/ (EY By I R ) do — ATS(N)(El ng — Eyny) g3 dg} - 0. (6)

T3(K)
We define

Bryw)(B", ¢) = / (E{l% %) do - / (Eina — E5na)gs ds.
T3(K) Y Ox Ot3(kK)

We write J = (J1, J2, J3)t. Notice that 71(c), 72(0) and 73(c) are macro cells that are defined
with respect to the edges of the initial grid that are parallel to the x-, y- and z-axis respectively.
Taking a test function v = (11,0, 0)? with ¢»; € Wy, we multiply (1) by it and integrate the resulting
equation over a macro cell 71 (o) to obtain

8E1 6H3 aHQ
1 ) da — 9 _ 2y e = — dz.
/Tl(G)E 5 Yy dx /7'1(0)( By oz ) Y1 dx /n(a) J19 dx



Using first the Green’s identity and replacing next exact solutions by DG solutions, we have now

OE! N
/n(a>E o dw_{/ U, — iy, ) d

71(0)

11 (o)

:*/ Jﬂ/}l dx.
71(0)

We define

o o
C’Tl(a)(Hh,z,b):/ (Hg%f g%)dmf/ (Hhng — Hing)y ds.
Yy at1 (o)

71(0)

In the same way, taking a test function ¥ = (0,12, 0)¢, with 5 € Wa, we get over a macro cell T2(c)

OEY 102 p Y2
/,2(0)5 ot U2 dm{/m(a)(H?’ or Mg )de

— / (Hgny — Hi'ng)is ds} (8)
O12(0)

:—/ JQ’L/JQ dx.
T2(0)

We define

0 0
Crt B ) = [ (T2 dw [ (i~ Hna)va ds
z z O12(0)

T2 (o)

Similarly, taking a test function 1 = (0,0, 13)?, with ¢3 € W3, we get over a macro cell 3(c)

OED LObs L, O
Z5 s da — qPe gty g
/Ts<o>E or e {/mm( Uy M)

- / (Hnz — Hym)s ds} (9)
at3(0)
= — / J31/13 dx.
T3(0)
We define
0 0
Crtor (B 0) = [ (P52 T dw [ (i~ Hfm)a ds.
73(0) Yy x at3(0)

The above equations (4)-(9) define our new staggered DG method. One key feature of our
new method is that the solutions H" and E" appeared in the boundary integrals in (4)-(9) are
well-defined, and hence no numerical flux is needed. As an illustration, we consider the boundary
integrals in (7), the values of the corresponding components of H h are continuous. For instance,



the first term of the boundary integral is

/ Hél ns 1/)1 ds

11 (o)
N T

:/ / H2 (‘Tayazk-i-%)wl(xayazk-l-%) dydﬂ?
T yj7%

o1

Ti+1 yj+§ A
7/ / H2 (xvyazkfé)wl(xvyazkfé) dydl‘

T; yj,%
which requires continuity of H} with respect to the z-variable so that it can be well-defined. By
the definition of 72(k), we see that the above integral corresponds to the integration on some of the
internal faces of 73(k), and on these faces, HY is continuous with respect to the = and z variables.

The perfectly conducting boundary condition E x n = 0 on 912, where n is the unit outward
normal vector to 0f2, is imposed strongly in the finite element spaces Wi, Wy and W3. We will
illustrate this for W;. Let o be an edge that is parallel to the z-axis and let 71 (o) be the corresponding
macro cell. Since o lies on the domain boundary 992, part of 71(¢) is outside Q. Thus, the degrees
of freedom that are located outside of ) are set to zero. To impose the boundary condition for Fjy,
we set the degrees of freedom that lie on the intersection of 71(c) and the domain boundary 99 to
zero. Therefore, F; is identically equal to zero on all inner faces of 71 (o) that also belong to the
domain boundary 9€2. We use the same method respectively for Wy and W3. As a result, we have
enforced strongly the boundary condition E x n = 0 on 0.

We will use the classical leap-frog scheme for the time discretization of (4)-(6) and (7)-(9). For a
given time step At > 0 and integers n = 0,1,2,---, the magnetic field H h will be approximated at
times nAt and are denoted by H hin, Similarly, the electric field E" will be approximated at times
(n+ %)At and are denoted by EMn s, Equation (4) is discretized as follows:

H{l,n-i-l _ H{L,n
——— 91 d
/ﬁ(ﬁ) 1% AL ¢1 dx

96 96 (10)
1 n+1 nt1 n+i
+{/( )(E;“"*z—l _E" +2—1)dw—/6 ( )(Eg’ Ting — By T ng)en ds} —0.

Ti(K T1(K

0z 3 dy

Equations (5) and (6) are discretized in a similar way. For (7), we use the following discretization

h,n+3 h,n+1
BTz _ gt
/ e—L 1 Py da
71(0)

At

- {/ (HP “% — HP “aiyl) de f/ (HE g — B ,) ds} (11)
71(0) 11 (o)

=— / Ji((n + 1)At)yy de.
71(0)

This discretization is also used in (8) and (9). Therefore, given (H™™, Eh’"+%), we can find the nu-
merical solution at the next time level (H™" "1, Eh’"+%) by solving (10), (11) and similar equations
obtained from (5)-(6) and (8)-(9). It is well-known that this is a second order in time approxima-
tion. Notice that since our basis functions in the spaces U; and W;, i = 1,2, 3, are orthogonal, the
resulting mass matrices are automatically diagonal. Hence, the above time discretization will result
in an explicit scheme.

10



4. Energy conservation and discrete Gauss law

As we mentioned in the Introduction, our new staggered DG method is able to preserve the
electromagnetic energy as well as a discrete version of the Gauss law, which are desirable for the
numerical solutions of Maxwell’s equations in the time domain and are the main advantages of our
new method. In the following, we will prove these two results.

4.1. Energy conservation

In this section, we will show that our DG scheme (4)-(9) preserves the electromagnetic energy
defined by

£(H,E) = /Q (WHP + el BP) da.

To prove the energy conservation, we will take ¢; = H", i = 1,2,3, in equations (4), (5) and (6)
respectively, and take 1; = EP

21 =1,2,3, in equations (7), (8) and (9) respectively, and then add
all equations together to obtain

H" E"
/Q{”aat -Hh—i—s%-Eh}d:c:—/QJ-Ehdm. (12)

When J = 0, we obtain

d h h
—&(H" E") =
E(H" E") =0

which says that the electromagnetic energy is conserved. We observe that in order to obtain (12),

all terms in (4)-(9) related to the curl operator (that is, all terms between brackets involving spatial

derivatives and surface integrals) have to be cancelled. This is illustrated in the following paragraphs.
Taking ¢; = HJ in equation (4) yields

OHY ) JOHE  OHD . A
g Hy do / E -k dwf/ Elng — E'no)H dsb\ = 0. (13
/,—1(,{) ot 1 { 7-1(,1)( 2 Oz 3 ay ) a‘rl(l{)( 21743 3 2) 1 } ( )

We recall that 1(x) is a union of 8 sub-cells. Consider one of the 8 sub-cells 7 := [z, 1, ;] x

[yj,ijr%] X [zk,szr%] and only the terms between brackets. From (13), all these terms that are
defined on 7 or its boundary are

OHY OHY
Ii= /T(Ega—zl B Ega—yl) da = /f'iluf'iZUf'ig (Egns - EgnQ)Hf o

where k1, ko and k3 are the three faces of 7 defined by

k1 ={r = zi—%} X [yj’yj-i-%] X [zk,z;H_%],
R2 = [:Cz;%,l'i] X {y = yj} X [Zkvszr%]a
w3 = [z 1 @] X [y, 95441 x {z = 2}
Remark that the approximate solutions EZ, Eg‘ and H! are all smooth over 7. Then, using the

Green’s formula for I, we get

El E}
I= /Hf(a—3 - a—2) dz +/ (Efns — Ehng)HI ds .= 1) + I (14)
T ay az KRaUKsUKg
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where k4, k5 and kg are the remaining faces of 7:
R4 = {:C = 1'1} X [yjay_]-i-%] X [Zkvzk-{-%]v
Ky = [ziféazi] x{y = ijr%} X [Zkvzk+%]7
ke = [z 1, @i] X [yj, y;01] x {z =241}

For I5, we have both ny = n3 = 0 on k4 and therefore there is no contribution on x4. On k5, we
have ny = 1, ng = 0, while on xg, we have ng = 0, ng = 1. Thus,

I = / (—EYH} ds +/ (E3)HY ds.
K5 ke
Similar results hold for the other seven sub-cells. Summarizing, (13) becomes

OHp OB} OEy
/ "= L ph d:c—i—{ HMWZE 5 5 2) d:c—i—/ [EMH]! ds—/ [EMH! ds} =
T1(K) t ) z {y:yj+% N1 (k) {Z:Zk+l NTi(k)

T1(K)

where {y = y; 1} denotes the union of all faces with y-coordinate equals y; 1 and {z = 2,1}
denotes the union of all faces with z-coordinate equals z;,, 1 Summing over all 71(k), we obtain

0H 8E OE
/u /H1 OBy 2d+2/ E3H1dsZ/ E2H1ds}
Q fy=y;, 1} Zylt
(15)
By the same arguments, one can show that (5) with ¢ = HY can be written as
oHY} 8E1 OE}
/Q“ - H] da:+{/QH2 S-S0 da +Z/ 1}E1 HY ds— Z/I ) 1}E1 H ds}:o
k+ it
(16)
and (6) with ¢3 = H? can be written as
OH} (’)Eh OB
/Q 5 Y do+ /H3 == a—y)dHZ/m:z ; [EMH! ds— Z/y y 1}E1 ot ds}:o
? it3 its
(17)

where {z = z;, %} denotes the union of all faces with z-coordinate equals x;, 1. Next, we take
Y1 = E} in (7) to get

oEhr L OER L OED
— BV dx — H —Hy——)d
/,.I(U)E ot 1 a® {/ ( 2 0z 3 Gy ) *

- / (Hlng — Hlng)E! ds} (18)
ot (o)

= —/ JE! de.
71(0)
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Summing over all 71(c), we have

oEhr L OED L OED
9L phog H st
/Qsat 1 ar= {/Q(Qaz 3ay)m

i ds-Y [ HpE! as) (19)
j Jv=y,0)

zZ=z
k k+%}

= —/ JLEY de.
Q

Similarly, taking 12 = E} in (8) and summing over all 75(c), we get

OEy 0 OES n OB}
/Qa ~ E2dm—{/(H3 2~ H{=2) do

> / - Y / o H(Eds) (20)

p z=z, 1} k z=z, 1}
_—/ JoE3 dx
Q
while taking 13 = E% in (9) and summing over all 73(c), we get
OEh OEN
3 h nOLs3
Eb f{ a9y g
/ at ® /Q( oy M2y

+Z/ HMED ds—Z/ Hh [Eh] ds} (21)
5 =yl

- / J3EY de.
Q

Finally, adding (15)-(17) and (19)-(21), we obtain (12).
From the above calculation, we see that

5 { B (B.9) + Bra (B.8) + By (. )}

JrZ{ 7'1(0) H ¢)+Crz(a)(H ¢)+C7'3(a)(H 1#)}

for all H, ¢ € Uy x Uy x Us and E,¢p € Wi x Wy x Ws.

4.2. Discrete Gauss law

In this section, we will prove a discrete version of Gauss law for the first type element with
polynomial order p > 0. We recall that our initial grid is defined by using the nodal points x;, y;, 2
where 4,7,k = 0,1,2,---. Using this initial grid, we define the refined grid by using the nodal points
Ty Ty 1, Y5 Yjg Ly 2k 2y L where 7,5,k = 0,1,2,---. Thus, the refined grid is obtained by uniformly
subdividing each cell in the initial grid into eight cells. Let @} be the space of globally continuous
piecewise polynomials with degree p 4+ 1 in each variable with respect to the refined grid. That
is, Qp11 is the quadrilateral conforming finite element space with respect to the refined grid. Let
q € Qp 4, with the condition that ¢ = 0 on 9€). Then it is easy to see that the first component of Vg

13



is continuous in the y, z variables, the second component of Vq is continuous in the x, z variables
and the third component of Vq is continuous in the z,y variables. Moreover, in each cell of the
refined grid, we have Vq € Qp p+1,p+1 X Qp+1,p,p+1 X @p+1,p+1,p- Thus, Vg belongs to the first type
staggered DG space W7 x Wy x W3. Taking the first component of V¢ as test function in (7) and
by following the same steps in the derivation of (19), we have

[ ap o { [ 250 H;;Wgy@ ) do
+Z/Z z+1}H2 (V)1 ds—Z/

f/le(Vq)l dz.

Similarly, taking the second component of Vq as test function in (8) and by following the same steps
in the derivation of (20), we have

(Vo i { [ 2502 Hh@<§g> ) da

V)] dS} (23)

{y= yﬁl}

ot
+Z/ H3 (Vq)2 ds—Z/

—/QJQ(Vq)Q dx

Vq)2] ds} (24)

k+1}

In the same way, for the third component, we have

/ s dz —{ / (Hfa(qu) —Héa(avz) ) da
+Z/y By I}Hh Va)s ds—Z/ | (Vas]d s (25)

*/ J3(Vq)s dx.
Q

Adding (23)-(25) and using the continuity properties of Vg, we obtain the following discrete version
of the Gauss law for the electric field

Eh
/58— qua:f—/J~qum.
ot Q

Similarly, by taking ¢ € @}, we get

oH"
. de =0
/Qu 5 Vq dx

which is a discrete version of the Gauss law for the magnetic field.

5. Error analysis

In this section, we will prove the optimal convergence and superconvergence of our new staggered
DG method, defined by (4)-(9).

14



From (3) and (4), we obtain the error relation

O(H, — H»
/ ( )u% b i+ By, (B~ B ) = 0. (26)

Let E be the interpolant of E, that is, E belongs to our staggered DG spaces and has the same
value as E at the interpolation points. Then

O(H, — H! - -
/( )M% ¢1 dm+BT1(H)(E7Eha¢) = 7BT1(K)(E7E5¢)

Similar relations hold for (5)-(6) and (7)-(9). Adding these results and using (22), we have

li 7 _ frh2 o k2
thQ(MH H'? +¢|E E|)dm

O(H — H) , - IE-E) -
:_/QMT(H—Hh)dw—/QET(E—Eh) dz (27)

3 3
> Y Buw(E-EH-H")-> > C,(H-HE-E"

Kk =1 o =1

where the last two summations are taken over all faces and edges in the initial grid respectively.
Let 7 be a generic cell in the refined grid. We first observe that, for the second type elements with
polynomial order p > 0, by definition,

[ 12D ) g

vanishes for functions H in (Q,)?, since in this case H = H everywhere in 7. For the first type
element with polynomial order p > 1, the above functional also vanishes for any H € (Q,)* by the
Gaussian and Radau quadrature rules since H = H at the interpolation nodes and the quadrature
rules exactly integrate polynomials of degrees 2p — 1 and 2p respectively. Hence, by the Bramble-
Hilbert lemma, we obtain

OH-H) , - .
/u% (H — H") de < ChP" Hy| o1 (s ]| H — H"|| 1275

where the subscript ¢ represents time derivative. Summing over all cells, we obtain

O(H—-H) , - .
/l,u% (H — Hh) d:c S Chp+1|Ht|Hp+1(Q)3||H — HhHL2(Q)3.
<

Similarly, we have

O(FE—FE) , - -
/ E% (E — Eh) dx S Chp+1|Et|Hp+1(Q)3||E — EhHL2(Q)3.
Q

In the following, we will estimate the remaining two terms in (27).
To find an upper bound for the last two terms of (27), it suffices to consider the following

_ 5 091 N
R = /ﬁ(ﬁ) ((E2 — Bp) St — (Bs — E3)a—y) da

_ /BT " ((Ez — Eg)ng — (B3 — Eg)n2)¢l ds.
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Other terms can be estimated in a similar fashion. Notice that, in the definition of R, we use ¢; to
replace the first component of H — H h By definition,

(k) = (21, g 1] X Y, y51] X [ Zhta]

which is subdivided into 8 pieces by the center point (z;, ijr%,szr%). Using integration by parts,
we have

R:= /n(n) (fbl%(Ez — Ey) — ¢1(%(E3 - EB)) dx

(28)
—/ [EQ —E2]¢1 d8+/ [Eg —E3]¢1 ds
K1 K2
where k1 o= [z; 1, @ 1] X [y, y5a] x {2 =z h and kg o= [y m ] < {y = gy} X [2k, 2rga].
Now, we consider one of the 8 pieces 7/ := [z, ¥, 1] X [y;41,yj4+1] X [Z441, 2k41]. Collecting the

terms involving this piece, we get
=\ 0¢1 =~ 001
R = (E B2 (B - E —)d
/T, (B2 2) 92 (Es 3) By T
- / ((E2 — Eo)ng — (B3 — EB)”2)¢1 ds
KIUKLURY

where

Ky = {z = $¢+%} X [ijr%aijrl] x [Zk+%7zk+1],
Ky = [wi 2y 1] X {y =y} X [zy 1, 2641],

Ry = (20, 2 1] X Y1, Y54 X {2 = 2z )

We note that x/, k, and x5 are normal to the x, y and z axis respectively. Consequently, no = ng =0
on kY, ng =n3 =0 on k, and n; = ne =0 on k5. Then R’ becomes

R ::/T, ((E2 - Eg% — (B — E@%) da

’
2 K3

- // (Bs — BE3)nogy ds */ (By — E2)nsoy ds.

In the following, we will estimate R’ for both the first and the second type elements.
For the first type element:

We first consider the integral [, (E; — Eg)%. We recall that % € Qp_1pp1 and Ey €
Qp,p—1,p- Moreover, the x and z coordinates of E> are defined using Radau points and the y coordi-

nate of Fs are defined using Gaussian points. Then, by using Radau and Gaussian quadrature rules,
the integral vanishes for all functions Eo in Qp+1,p—1,p+1, since, in this case, the integrand belongs to
Q2p,2p—1,2p- Similarly, we have fT/(E3 — E~'3)%’;1 vanishes for all functions Fs in Qp+1,pt+1,p—1. Now
we consider the two surface integrals in R’. Using the Radau quadrature for the z variable and the
Gaussian quadrature for the z variable, we see that the integral fng (Ey — Eg)n3¢1 ds vanishes when
Es € Qpt1,p—1,p+1. Similarly, the integral fn,z (E5 — E’g)ngqbl ds vanishes for all E5 in Qpt1,p+i1,p—1-

Notice that, similar result hold for the other 7 pieces in R. Moreover, from (28), we see that R =0

16



when Fo = ¢y and F3 = 2™ with m = p,p + 1. Consequently, R vanishes for all polynomials of
degree less than or equal to p + 1. Hence, by the Bramble-Hilbert lemma, we obtain

R < CRPYYE | ov2(ry (1)) | 011 L2 (71 (1)) -

For the second type element:

The proof for this case is essentially the same as the first type element. The main difference is
that, for E5, one more Gaussian point is used for the y variable and for Es3, one more Gaussian point
is used for the z variable. By the same techniques, we see that R’ = 0 for all functions Es and E3 in
Qp+1,p,p+1 and Qpt1 p+1,p respectively. This is also true for the other 7 pieces. Moreover, from (28),
we see that R = 0 when E, = P! and E5 = 2PT!. Consequently, R vanishes for all polynomials of
degree less than or equal to p + 1. Hence, by the Bramble-Hilbert lemma, we obtain

R S Chp+1 |E|HP+2(T1(I<&))3 ||¢1 ||L2(7'1(I<a))'
Combining the above results, we obtain the following theorem.

Theorem 1. Let (Hh, Eh) be the solution of the staggered DG method and let (H, E) be the inter-
polant of the exact solution into the staggered DG space. Then we have

|w? (H — H")|| + || (E — E")|| < Ch*™.

In the above theorem, the norms on the left hand side are discrete L? norms measured at the
interpolation points. Thus, for the first type element, this is a superconvergence result since the
convergence rate is one order higher than that of the interpolation error. In the following theorem,
we state the error estimates with respect to L2 norm. The proof is based on the use of classical
interpolation error estimates.

Theorem 2. Let (Hh, Eh) be the solution of the staggered DG method and let (H, E) be the exact
solution. Then we have

% (H — H")|| + |3 (E — E")|| < Ch?
for the first type element with p > 1 and
% (H — H")|| + |3 (E — E")|| < Ch*!

for the second type element with p > 0.

6. Numerical examples

In this section, we will present numerical examples to validate the high order of convergence
of our new DG method. Furthermore, we will provide results on simulation of wave diffraction by
perfectly conducting objects. We will also present an example with an unbounded domain with the
use of PML. For all examples below, we take the domain Q to be [0,1]%, (d = 2,3), and a uniform
gI‘ld with h = hl = h,2 = hg.
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6.1. Convergence tests

In this section, we present a convergence rate test for a 3D problem to validate our estimates in
Theorem 1 and Theorem 2. The exact solution of the problem is chosen as

Ei(x,y,z,t) = sin(mt)sin(mry) sin(nz)

Es(z,y,2,t) = sin(wt)sin(ry) sin(rz)

Es(z,y,z,t) = sin(wt)sin(rz) sin(my)

Hy(x,y,z,t) = sin(mz)cos(nt)(cos(my) — cos(mz))
Hy(x,y,z,t) = —sin(my) cos(nt)(— cos(wz) + cos(nx))
Hs(z,y,z,t) = sin(nz)cos(nt)(cos(rz) — cos(my))
Ji(z,y,2,t) = —mcos(nt)sin(my) sin(nz)

Ja(z,y,2,t) = —mcos(nt)sin(nz)sin(mz)

J3(z,y,2,t) = —mcos(nt)sin(mz)sin(mry)

We will compute the errors in L? and discrete L? norms using both types of elements with polynomial
order p = 1,2 and 3 at the time T' = 1.1. The log-log plots of these errors against various mesh sizes
are shown in Figure 2 and Figure 3, in which the dash lines represent the method with p = 1, the
dash-dot lines represent the method with p = 2 and the solid lines represent the method with p = 3.
In Figure 2 , the errors measured in L? norm (left) and discrete L? norm (right) are presented. We
see that the order of convergence measured in the discrete L? norm is one order higher than the
order measured in the L? norm. From Figure 3, we see that the order of convergence measured in
both the L? and the discrete L? norms are the same. These confirm our estimates in Theorem 1
and Theorem 2.

Rate of convergence in L2 norm for the first type element Rate of convergence in discrete L2 norm for the first type element
T T

L2 error

p=304

Figure 2: Rate of convergence in L? and discrete L2 norms for the first type element.

6.2. Diffraction by a perfectly conducting object

In this section, we will present simulation results for wave diffraction problems by perfectly
conducting objects. We will consider the TE mode in the domain [0,1]? with perfectly conductor
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Rate of convergence in L2 norm for the second type element Rate of convergence in discrete L2 norm for the second type element

Figure 3: Rate of convergence in L? and discrete L? norms for the second type element.

boundary condition. The initial pulses are taken as E1(0) = E2(0) = 0 and

Hy(z,1,0) = {sin(167r:r), 0<zx S %,

0, otherwise.
The first example is the wave diffraction problem by a perfectly conducting object which is a square
centered at (0.5, 0.5) with width equal to 0.25, shown in Figure 4. In the following, we present the be-
havior of Hs(z,y,t) as a function of ¢ at three reference points defined respectively by (0.125,0.875),
(0.5,0.875) and (0.875,0.875), shown again by black dots in Figure 4. The numerical simulations
are computed by using our two types of DG methods with p = 3 and using a mesh size h = 1/128.

Figure 4: Wave diffraction problems. Left: square obstacle. Right: L-shaped obstacle.

In order to verify the accuracy of our method, we compare the numerical solution and the
reference solution obtained by the FDTD method. The reference solution is computed by using a
fine grid with mesh size h = 1/2048. In Figure 5, we present the numerical solutions obtained by
our two types of DG methods and the reference solution at the three reference points. In these
figures, we use solid line to represent the reference solution, dash-dot line to represent the numerical
solution using the first type DG space and dash line to represent the numerical solution using the
second type DG space It is clear that our method gives the correct behavior.
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Doman with Square Shape Hole a ixed point x=0.125,y = 0875 Doman with Square Shape Hole a ixed point x-0500,y = 0875 Domain with Square Shage Hole at fixed paint x=0875,y = 0875

Figure 5: Square obstacle: comparision of our solution and the reference solution at the 3 reference points. Left:
(0.125,0.875). Middle: (0.5,0.875). Right: (0.875,0.875).

Next, we perform a similar simulation by using a L-shaped perfectly conducting obstacle defined
by [0.25,0.75]2\(]0.25,0.5] x [0.5,0.75]) (see Figure 4). We again consider both the first and the
second type elements with p = 3 and mesh size h = 1/256. The numerical and reference solutions
are shown in Figure 6. We again see that our method gives the correct behavior.

Figure 6: L-shaped obstacle: comparision of our solution and the reference solution at the 3 reference points. Left:
(0.125,0.875). Middle: (0.5,0.875). Right: (0.875,0.875).

6.3. Perfectly matched layers

In this section, we will consider the wave propagation problem in an unbounded domain. The
initial pulses are chosen as

Ey(z,y,0) = Ex(x,y,0) =0 and Hs(z,y,0) = ¢~ 100((2=0.5)*+(y=0.5)%)

We will apply PML (see Berenger [1]) in conjunction with our new DG method with p = 1. In
order to test the accuracy of our method, we will compute a reference solution on a larger domain
[—0.5,1.5]2 with only the perfectly conductor boundary condition. We then compute the difference
between our solution and the reference solution in the original computational domain [0, 1]? at a
time so that the wave does not hit the boundary of the enlarged domain [—0.5,1.5]%. In Figure 7,
we present the errors computed by using the two types of DG methods. As we can see from these
figures, the errors for both type of methods are very small (having magnitude of about 10~3).
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Absolute Ertor & Belween NPML and PML schemes Absolute Error Eelween NPML and PML schemes
Type Q Finite elements Type Q Finite elements
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Figure 7: Errors for the unbounded domain example. Left: first type element. Right: second type element.

7. Conclusion

In this paper, we have developed and analyzed a new class of staggered DG method for the
time-dependent Maxwell’s equations. Two types of staggered DG spaces are proposed which gen-
eralize the classical Nedelec first and second family of finite elements. The new method has many
advantages, namely, diagonal mass matrices, energy conservation as well as automatic fulfillment
of Gauss law. Moreover, the method is high order accurate and the optimal error estimates are
proved. A superconvergence result, stating the convergence rate at the interpolation nodes is one
order higher, is also proved. Due to its Cartesian structure, the method is very easy to implement.
Hence, our method gives an attractive alternative to existing technologies. In the future, we plan to
develop and analyze these kind of staggered spaces for tetrahedral meshes.
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