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ABSTRACT

The effect of confinement of a rectangular channel on
the flag flutter instability is investigated, both in terms
of waves propagating in the infinite medium (local ap-
proach) and in terms of modes in the finite length system
(global approach). Using a 1D Euler-Bernoulli model for
the plate and a 3D potential flow model for the flow, the
problem is solved numerically for various sets of the ge-
ometrical parameters to compute the critical velocity for
instability as function of the mass ratio. It is found that
the proximity of walls parallel and perpendicular the plate
affects significantly the plate’s dynamics and instability.
One main conclusion of this work is that models consid-
ering a 2D flow can predict correctly the critical velocity
only in specific cases such as large mass ratio, large as-
pect ratio or very confined plates.

INTRODUCTION

The equilibrium state of a cantilevered plate in an axial
flow can become unstable once a critical value of the flow
velocity is reached, resulting in oscillations of large am-
plitude. This phenomenon, referred to asflag flutterhas
been the focus of a large amount of researches, as re-
ported in some recent books and reviews [1, 2]. Among
the various linear models that atempted to give a numer-
ical prediction of the critical flow velocity for apparition
of flutter instability, one can distinguish three main fami-
lies. In the first one, a 2D problem is considered,i.e. an
infinite span plate in a 2D potential flow [3–5]. The ap-
proximation done in these models is referred to aslarge
spanapproximation. In the second familiy, the typical
wavelengths of deformation are considered large enough
when compared to the typical size of the cross section of
the plate, so that the perturbation of the flow at a given
cross section depends only on the plate dynamics at this

cross section [6]. These models are referred to asslender
bodymodels. The third family concerns models that do
not consider any of the above approximations, and solve
the 3D flow around the plate. This kind of model has
shown that there is a strong influence on the aspect ratio of
the plate on the critical velocity [7]. Works using similar
method followed to study the presence of walls perpen-
dicular to the plate (spanwise confinement) and showed
that the critical velocity tends slowly to that predicted by
a 2D model when the walls are approched [8]. In the
present work, two additional walls, parallel to the plate
are considered so that the latter is confined in a rectangu-
lar channel flow. The method used in the present paper is
the same as developped in previous works [7,8].

Experimentally, flag flutter has also been intensively
investigated. The first experimental studies of the phe-
nomenon are reported in references [3,9,10], among oth-
ers. A consistent review of all experimental studies be-
fore 2004 can be found in reference [1]. These studies
have shown that although the plate’s dynamics is always
two-dimensional, the values of the critical velocity pre-
dicted by 2D models are always lower than that found
experimentally. Comparison with 3D models taking into
account the finite aspect ratio of the plate significantly
improved the prediction of the critical velocity [7] and a
nonlinear model taking into account the initial spanwise
curvature [11] explained the origin of the hysteresis ob-
served experimentally. Finally, the effect of walls perpen-
dicular to the plate has been investigated experimentally
in reference [12] and results are in good agreement with
the model developed in [8].

The paper is organized as follows. In the next sec-
tion, the problem of a flat plate in a rectangular channel
potential flow is formulated. The stability properties of
the infinite length problem are then analysed. Next, a fi-
nite length system is considered.
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FIGURE 1: Skematic view of a plate in a rectangular
channel.

1 FORMULATION OF THE PROBLEM
1.1 Coupled fluid-structure equations
The problem considered in this paper is sketched on
Fig. 1. The solid is modeled as a plate of negligible thick-
ness under the Euler-Bernoulli approximation. It is as-
sumed that the deformation does not depend on the span-
wise coordinate, so that the linearized equilibrium equa-
tion of the coupled fluid-solid system has the following
expression:

B
∂ 4W
∂X4 +µ

∂ 2W
∂T2 = 〈[P]〉, (1)

whereB is the flexural rigidity per unit length in the span-
wise direction of the plate andµ its surface density,[P]
stands for the pressure jump between each side of the
plate and the angles〈.〉 denote the mean value along the
span. The surrounding fluid flows at a constant velocity
U0 in the directionX and is modeled using the potential
flow approximation. The velocity potential is notedΨ.
Using the following dimensionless variables,

x=
2Z
H

, z=
2Z
H

, t =
4TB
µH2 , w=

2W
H

, (2)

p=
P

ρU2 , ψ = Ψ
√

µ/B, (3)

and parameters,

m=
ρ f H

2µ
, u=

UH
2

√

µ
B
, c=

2C
H

, d =
2D
H

, (4)

equation (1) becomes,

∂ 4w
∂x4 +

∂ 2w
∂ t2 = m〈[p]〉. (5)

In the fluid domain, the non-dimensional velocity poten-
tial satisfies the Laplace equation,

∆ψ = 0, (6)

with the following boundary conditions:

∂ψ
∂z

= 0 for |y|= d, (7)

∂ψ
∂y

= 0 for |z|= 1+c, (8)

∂ψ
∂z

=
∂w
∂ t

+u
∂w
∂z

on the plate. (9)

The pressure is then linked to the potential through the
linearized unsteady Bernoulli equation,

p=−
∂ψ
∂ t

−u
∂ψ
∂x

. (10)

1.2 Problem in the Fourier space
Introducing the Fourier transform in space and timeĥ of
a functionh(x, t),

ĥ(k,ω) =

(

1
2π

)2∫ +∞

−∞

∫ +∞

−∞
h(x, t)eiωteikxdtdx, (11)

equation (5) takes the following form in the Fourier space:

[

k4−ω2] ŵ=−m〈[p̂]〉. (12)

A normalized potentialϕ̂ = ψ̂/− i(ω −URk)ŵ is then
introduced. Using the unsteady Bernoulli equation (10),
the pressure jump may be linked to the displacement and
the normalised potential̂ϕ,

〈[p̂]〉= (ω −uk)2〈[ϕ̂ ]〉ŵ. (13)
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FIGURE 2: (a), complete geometry of the problem in
Fourier space; (b), numerical domain and boundary con-
ditions after taking into account symetries of the problem.

The Laplace equation (6) with boundary conditions
(7-9) can now be expressed for the normalized velocity
potential ϕ̂. This problem is defined in the plane(y,z)
of a cross-section of the plate, as sketched on Fig.2a. It
can be shown that this problem is symmetric with respect
to they-axis and skew-symmetric with respect to thez-
axis. Hence it can be rewritten in only one quarter of the
domain as sketched on Fig.2b,

∂ 2ϕ̂
∂y2 +

∂ 2ϕ̂
∂z2 = k2ϕ̂ , for z∈ [0,1+c],y∈ [0,d](14)

∂ ϕ̂
∂z

= 1 for z< 1,y= 0, (15)

∂ ϕ̂
∂z

= 0 for y= d, (16)

∂ ϕ̂
∂y

= 0 for z= 1+c andz= 0. (17)

This last problem depends only onk and the geometrical
parametersc andd. Combining equations (12) and (13),
the dispersion relation takes the following form,

k4−ω2 = m
2g(k,c,d)

|k|
(ω −uk)2, (18)

whereg(k,c,d) reads,

g(k,c,d) = k〈ϕ̂(y= 0+)〉. (19)

In the Fourier space, the work hence consists in obtaining
the dispersion relation (18) for a given set of geometrical
parameters. To do so, it is necessary to compute the func-
tion g(k,c,d) by solving an Helmholtz problem (equation
14). The end of this section is devoted to recall the an-
alytical form of g in various limit cases found in previ-
ous studies and present some computational results in the
general case.

1.3 Limit cases for the function g found in the litter-
ature

The different limit cases found in the litterature for the
function g are presented here. The 2D limit of a plate in
an infinite fluid domain is [13],

g= 1. (20)

The 2D limit of a plate confined by two parallel rigid
walls is [14],

g=
1

tanh(kd)
. (21)

The slender-body limit is [15],

g=
kπ
4
. (22)

Using asymptotic expansions of the 2D and slender-
body limits, a composite function as been introduced to
take into account the influence of a 3D flow around the
plate [7],

g= 1−
1

2k+exp[(π/4−2)k]
. (23)

In refence [8], a similar approach has been used to de-
velop asymptotic expansions of the 2D and slender-body



limits that take into account the presence of walls perpen-
dicular to the plate (C effect). A composite expansion
of these two limits has then been developed, that extends
the kernel of equation (23) to take into account spanwise
confinement.

1.4 General case of a plate in a rectangular flow: nu-
merical solution

In the general case of the present paper, the Helmholtz
equation is solved using the open source finite element
software Freefem [16] for given values ofc, d andk. The
resulting functiong is plotted on Fig.3a for a large value
of d = 30, and values ofc in the range[3×10−4,3]. As
already reported in a previous work [8], the functiong is
linear at low values ofk and tends to unity at large values
of k. Whenc is large, it is correctly approximated by the
infinite fluid domain 3D model [7], equation (23). Typical
results whenc is large are plotted on Fig.3b. Here,g is
well approximated by equation (21) for large values ofk
while it tends to a linear slender-body type behavior at
low values ofk. Indeed, the functiong is well fitted by a
function of the formg= Ak whenk≪ 1. The value ofA
is plotted as function ofd on Fig.4 for different values of
c. Whend is small, the value ofA does not depend onc
and the data is well fitted by,

A≃ 1/3d, d ≪ 1. (24)

When d is increased,A tends to a consant value which
dependence onc has been characterized in a previous
work [8],

A=
kπ
4

[

1+0.805ln

(

c+0.189
c

)]

. (25)

Now that we have the functiong(k), and conse-
quently the dispersion relation, in numerical form for any
combination of the numerical parameters, it will be used
to compute stability boundaries of the system in two dif-
ferent cases: the infinite case (local instability), for which
only the dispersion relation is necessary to characterize
the medium, and the finite case (global instability), for
which subsequent work is needed, as boundary condi-
tions and the length have to be taken into account. In the
following, numerical data will be directly used to com-
pute the different stability limits except at low values of
k, where a third order polynomial fit is used.
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FIGURE 3: Functiong(k) computed numerically for various
sets of the parametersc andd (solid thin lines) and compared
with different limit cases; thick dashed line, equation (20); thin
dashed lines, equation (21); thick solid line, equation (23).
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FIGURE 4: Linear coefficient of the slender-body limit (i.e.
small wavenumbers) as function ofd for different values ofc.
Bold line indicate the limit for low values ofd, equation (24),
thin line indicates the limit of unconfined flow,A = π/4 and
dotted lines indicate the empirical model developed in refer-
ence [8], equation (25).
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FIGURE 5: Critical curves for transition between convective
and absolute instabilities (thin plain line) compared withthat
given by usingg defined in equation (20), thick dashed line,
equation (21), thin dashed lines and equation (23), thick solid
line.

2 LOCAL STABILITY ANALYSIS

The instability properties of bending waves propagating
in an infinite length medium in such channel flow are
now studied. In its non-dimensional form, the disper-
sion relation depends on four parameters, the mass ratio
m, the non-dimensional velocityu, the non-dimensional
spanwise gapc and the non-dimensional channel height
d. The dispersion relation of equation (18) is considered,
where theg function is obtained by solving the Helmoltz
problem (14-17), as explained in the previous section.

The temporal approach consists in solving the disper-
sion relation, a second order polynomial for the variable
ω , associated to real values ofk. If for a least one real
value ofk, the imaginary part of one rootω is positive, the
amplitude of the associated wave exp[i(kx−ωt)] grows
exponentially with time and the medium is said locally
unstable. It can be easily shown that the system bears
unstable waves at any value ofu 6= 0.

However, one may distinguish two cases of wave in-
stability, depending on the long time impulse response
of the plate. If the exponentially growing wave packet
is advected by the flow, the instability is saidconvec-
tive. Conversely, if it grows in place, so that the entire
space is ultimately dominated by the instability, the lat-
ter is saidabsolute. The concepts of convective and ab-
solute instabilities, and the underlying theory, have been
initially introduced in the domain of plasma physics [17]
and successfully applied in the particular domain of fluid-
structure interaction [13]. In the present paper, a numer-
ical method presented in reference [18] is used to com-
pute the critical curves for transistion between convective
and absolute instabilities. The results are plotted on Fig.5
in the (m,u/m) plane. On Fig.5a,d = 30 andc varies
from 3×10−4 to 3. On Fig.5b,c = 3 andd varies from
3×10−3 to 30. All curves share a common limit at large
values ofm. This limit (u/m= 0.148) is that given by a
2D approach, whereg= 1. It is actually twice the value
found by Crighton & Oswell [13] in the case of a compli-
ant panel with a flow on one side only, whereas the flow
is on both sides in the present study. It has to be noted
that in this context of 3D flow, the 2D limit corresponds
to large values of the wavenumber. It is consistent with
the fact that whenm→ ∞, the wavenumber at which con-
vective to absolute instability transition arises also tends
to infinity.

The infinite derivative of all these curves at low val-
ues of m corresponds to the opposite limit where the
wavenumber at transition is small. This is the slender
body limit. In the case of a fluid-conveying pipe, which is
properly described by a similar dispersion relation in the
slender-body limit, Kulikoskii [19] showed that the tran-
sition does not depend on the flow velocity, but only on
the mass-ratio. Again, this is consistent with the vertical
limit observed on Fig.5: an added mass effect of the chan-
nel confinement modifies the mass ratio in the slender-
body limit and the asymptotic value ofm varies. The
more the plate is confined (smallc andd), the larger is
the added mass. Hence the smaller is the critical value of
m. Two additionnal asymptotic cases are ploted on Fig.5:
the curve obtained using an analytical solution of the Hel-
motlz problem in a 2D case with walls (blue dotted) and
the curve obtained considering the 3D flow without walls
(thick red). The numerical data tends to these two limits
in a consistent manner.

3 GLOBAL STABILITY ANALYSIS

When studying a finite length system during timescales
such that boundaries have an influence on the dynamics,



boundary conditions must be taken into account. A plate
clamped atX = 0 and free atX = L is now considered.
The problem is now rescaled usingL as a characteristic
length, so that the following non-dimensional variables
and parameters are introduced,

x=
X
L
,y=

Y
L
,z=

Z
L
,w=

W
L
, t =

UT
L

, p=
P

ρU2 . (26)

M∗ =
ρL
M

,U∗ =

√

M
B

LU,H∗ =
H
L
,C∗ =

C
L
,D∗ =

D
L
.

(27)
In this finite length approach, the dimensionless equation
of motion is now

∂ 2w
∂ t2 +

1
U∗2

∂ 4w
∂x4 = M∗〈[p]〉, (28)

and the clamped-free boundary conditions are

w(x= 0) =
∂w
∂x

∣

∣

∣

∣

x=0
=

∂ 2w
∂x2

∣

∣

∣

∣

x=1
=

∂ 2w
∂x2

∣

∣

∣

∣

x=1
= 0 (29)

Stability analysis is done through a modal analysis of
the system. By looking for solutions of the problem in the
form

w(x, t) = φ(x)eiωt , (30)

and assuming that pressure forces exerted on the plate can
be expressed as linear functions of the displacementw,
one end up with a Sturm-Liouville eigenvalue problem
that does not have an analytical solution in the general
case. If one eigenvalue has a negative imaginary part, the
system is unstable, as the temporal evolution of displace-
ment is such that it diverges when time goes to infinity.
The corresponding real part gives then the circular fre-
quency. In practice the system has to be put in a form
suitable for numerical integration. Equation (13) may be
rewritten in the form,

kp̂
g

= (ω −k)2ŵ. (31)

Taking the inverse transform of this expression leads to
a solution in the form of a convolution integral for the
pressure,

1
2π

∫ 1

0
p′(v)G(x−v)dv=

(

∂
∂ t

+
∂
∂x

)2

w, (32)

where prime denotes for derivation with respect to the ax-
ial coordinate andG(x) is the inverse Fourier transform of
1/g(k),

G(x) =
∫ ∞

0

sin(kx)
g(k)

dk. (33)

It has to be noted that asG diverges whenx tends to 0, the
Cauchy’s principal value of the integral in equation (32)
has to be taken. As done in previous papers [7, 8], the
displacement is decomposed on the modes of the plate in
vacuumφi(x),

w(x, t) = eiωt ∑
i

aiφi(x). (34)

Next, the pressure associated with the modei is expanded
on Chebyshev polynomials of the first kind and assumed
to have an inverse square root singularity,

p′i(x) = ∑
j

Ai j
Tj(2x−1)
√

x(1−x)
. (35)

This expansion is then inserted into the integral expres-
sion for the pressure (32). A scalar product with Cheby-
shev polynomials of the second kindUk(2x− 1) is ap-
plied. This leads to a linear problem forAi j , which is
solved numerically for a given set of the geometrical
parameters(C∗,D∗,H∗). This method necessitates the
knowledge of the functionG(x,C∗,D∗,H∗). In practice,
it is calculated numerically using,

G(x) =
1
x
+G1(x), (36)

with,

G1(x) =
∫ ∞

0
sin(kx)

(

1
g(k)

−1

)

dk. (37)

As the integrand tends to zero whenk tends to infinity,
this integral is easily computed numerically.

Numerical results are now presented. It has to be
noted that they involve a significant amount of numerical
steps: Helmotlz equation using finite elements, numerical
inverse Fourier transform, various projections (Cheby-
shev modes and Galerkin modes) and finally an eigen-
value problem.
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A first set of results is presented on Fig.6. It consists
in comparing the critical curves for apparition of insta-
bility in the (M∗,U∗) plane when the channel is large,
(c,d) = (3,30), with that of previous studies in an un-
bounded flow (C∗ and D∗ = ∞). A good agreement is
found between the two methods.

Another comparison is done with results of Guo and
Paı̈doussis [14] forD∗ = 0.2 on Fig.7a,b. Here again, the
critical curves of the present 3D model tend to that pre-
dicted by a 2D model whenH∗ is increased. It appears
that the smaller isC∗, the faster is the convergence. The
main result of this comparison is that for low values of
M∗, the 2D limit of reference [14], can be reached only
for very largeH∗ or very lowC∗. This is in practice diffi-
cult to achieve experimentally.

DISCUSSION
In this article, the influence of the walls of a rectangular
channel on the critical velocity for flutter instability has
been characterized. Local and global stability analyses
have been performed. In the local approach the system
is always unstable, provided the fluid is not still. Critical
values of the parameters for transition between convective
and absolute instabilities have been computed. In a gen-
eral manner, confinement is found to significantly affect
the local stability properties of the medium. Next, global
stability of the finite length system has been investigated.
The crucial importance of the 3D modeling at low val-
ues of the mass ratio has been emphasized. Indeed, it is
found that 2D models predict the correct critical velocity
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only for high values of the aspect ratio or low values the
spanwise and lateral confinements.

When confinement is important, one may wonder if
the viscosity has an effect on the instability thresholds.
In the case spanwise confinement (small values ofC∗),
the effect of the existence of a boundary layer has been
discussed in reference [12]. In this case, only the edges
of the plate are affected by the presence of a boundary
layer and the experimental results are found to be in good
agreement with the theoretical predictions. Conversely,
in the case of significant confinement by walls parallel to
the plate (small values ofD∗), viscosity may play a more
important role. Here the whole surface may be affected
by viscous drag and it may be necessary to consider a
boundary layer of a Poiseuille-type flow.

Further work is now mainly focused on experiments.
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