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Turbulence: old non linear problem!

• turbulence is present in 
many situations (fluid 
dynamics, plasmas)

• «chaotic» motion with high 
fluctuations when the linear 
(laminar) flow becomes 
unstable

• in general, fully nonlinear 
system (no small 
parameters). 



Wave or and Weak turbulence?
• developed originally for water waves (ocean waves, 

Hasselmann equations)

• stationary observed states: turbulence and statistical 
description of wave systems?

• for waves, the linear order is crucial since one can make an 
expansion analysis with a small parameter (wave amplitude)

• assuming weak nonlinearities, a kinetic equation for the 
wave amplitudes can be obtained using asymptotic closures

• although experimental evidences, many questions remain 
(ocean waves, range of validity, mathematical proof ...)



Experimental evidence of Weak 
Turbulence in gravity (ocean) waves

Y. Toba (1973); Hwang et al. (2000).
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FIG. 4. Four consecutive images of the topography of ocean surface waves measured by the airborne scanning lidar system. The intensity
level indicates the surface elevation (the unit of the grayscales is in meters).

lation issue (the familiar Doppler shifting of frequency
or wavenumber) and will be discussed in the next sec-
tion on wavenumber spectrum. The time lag in a cross-
track row with respect to the central element is plotted
in Fig. 3c. The data segment that is coherent to within
0.1 s is limited to the central 37% region. As the time
lag allowance increases, the percentage of image within
a given time lag also increases. With a 0.5-s lag the
fraction is 65%, and for a 1 s lag it is 87%. The max-
imum time lag is 1.99 s at the two edges. For our purpose
of resolving wave components longer than 12 m (the
conservatively estimated Nyquist wavelength), the
equivalence of approximately 1-Hz sample rate in the
cross-track direction is sufficient. Higher precision can
be achieved at the expense of discarding data near the
two edges of the swath.
The vertical resolution of the ranging is dictated by

the determination of the aircraft position. The theoretical
resolution of the kinematic GPS system is 0.01–0.02 m.

A dynamic calibration of the GPS measurements and
the laser ranging of a calm water body shows that the
rms error of the vertical resolution to be 0.08 m (Krabill
and Martin 1987). The total error budget for an indi-
vidual laser footprint location comprises 0.03 m (rms)
for range, 0.05 m for GPS position, and 0.05 m for
attitude-induced errors.

4. Wavenumber spectral analysis

a. Data processing procedure

Figure 4 shows a sequence of four consecutive images
of the ocean surface topography obtained by the scan-
ning lidar system. The coordinates of latitude/longitude
in the original data have been rotated to the orthogonal
coordinates referenced to the along- and cross-track di-
rections, represented by x1 and x2 respectively. The im-
age intensity is proportional to the wave elevation.
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FIG. 8. A comparison of the omnidirectional spectra measured by ATM (crosses) and offshore buoy (ID 44014)
(circles). (a) Average of the first 2 hours of data—quasi-steady condition, and (b) average of the last 2 hours of data—
decaying wave field. Solid curves: ⇤(k) ⌦ 0.06u

*
g⌥0.5k⌥2.5 (Phillips 1985).

range in wind-generated waves. Extensive discussions
are given for both wavenumber and frequency spectra.
Through a detailed analysis, he reaches the conclusion
that in the equilibrium range the 2D spectral density,
⌃(k), of gravity waves increases linearly with wind
friction velocity, u

*
, and the spectral slope is⌥3.5. This

can be expressed as ⌃(k) � u
*
k⌥3.5 or, equivalently, for

the 1D spectrum, ⇤(k) � u
*
k⌥2.5. More precisely, the

omnidirectional and the traverse spectra are

⌥0.5 ⌥2.5⇤(k) ⌦ 2 u*I(p)g k , and (7)

⌥0.5 ⌥2.5⇤(k ) ⌦ 2 u*I(p ⇧ 3/2)g k . (8)1 1

In both equations,  is the dimensionless spectral co-
efficient, p is the exponent of the directional distribution
represented by cosp�, and I(x) ⌦ cosx� d�. In the⌅/2#⌥⌅/2
past, the major data sources for the study of ocean wave
spectral properties are frequency spectra from point
measurements. A limited number of spatial measure-
ments include wave gauge array data (e.g., Donelan et
al. 1985) and stereo photographic measurements (e.g.,
Cote et al. 1960) were also used. Here we investigate
the spectral slope and dimensional coefficient obtained
from wavenumber spectra of the ocean surface topog-
raphy obtained by airborne scanning lidar ranging.

1) DIMENSIONLESS SPECTRAL COEFFICIENTS IN THE

EQUILIBRIUM RANGE

The dimensionless spectral coefficient  can be cal-
culated from the measured wavenumber spectra using
(7) or (8). Due to the limitation of wavenumber reso-
lution in the ATM dataset, the range of 0.2 # k # 0.5
rad m⌥1 (2–5kp, or equivalently 1.4–2.2⇥p) is selected
as approximately within the equilibrium range. As il-
lustrated in Fig. 6 and to be further discussed in Part
II, the directional distribution displays multiple lobes as
wavenumber increases and obviously deviates from the
simple cosp� functional form. Equations (7) and (8) re-
main valid, however, for a more general directional dis-
tribution function D(k, �), if the integration function is
redefined as I(q) ⌦ D(k, �) d�. For the discussion⌅/2#⌥⌅/2
here, the functional form of the directional distribution
D(k, �) will not be specified, thus the quantity  I(q)
instead of  is investigated. In this fashion, the direc-
tional distribution is absorbed into the spectral coeffi-
cient  I, which can be calculated directly from the mea-
sured wavenumber spectra using (7) or (8).
The calculated spectral coefficients display a trend of

slight increase with wavenumber (Fig. 9, plotting the
results in both logarithmic and linear scales). The trend

slope: -5/2
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Experimental evidence of Weak 
Turbulence in capillary waves

Wright, Budakian & Putterman (1996); Henry, Alstrøm & Levinsen (2000); 
Brazhnikov, Kolmakov, Levchenko & Mezhov-Deglin (2002).
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Diffusing Light Photography of Fully Developed Isotropic Ripple Turbulence

William B. Wright, Raffi Budakian, and Seth J. Putterman

Physics Department, University of California, Los Angeles, California 90095
(Received 6 February 1996)

The instantaneous height of the entire surface of a fluid executing high amplitude motion can be
obtained by photographing light that has been forced to diffuse through the liquid. This technique
has been applied to resolve solitons and observe the frequency and wave-number spectra of ripple
turbulence. Higher order correlations and various models of turbulence can be probed with this method.
[S0031-9007(96)00368-7]

PACS numbers: 47.27.Gs, 47.20.Ky

An abiding goal of the physics of continuum mechanics
is to understand the fate of energy which is injected into a
system so as to drive it far from equilibrium. Prior to its
dissipation into heat the energy throughput experiences a
competition between randomization and structure forma-
tion which in the limit of high amplitude is the problem of
turbulence. Capillary waves which propagate on the sur-
face of a fluid make these issues accessible to experimen-
tal investigation with a table-top apparatus. At low levels
of excitation structural symmetries akin to crystals with
dislocations [1], quasicrystals and quantum scars [2] can
be seen. Here we report a new imaging technique which
makes it possible to simultaneously measure at over 106

points the position of a fluid surface whose variations in
height are so large that the spectrum of ripple motion is
fully developed wave turbulence. For vortex turbulence
[3,4] this limit has been demonstrated in nature [5] while
laboratory work even at major facilities [6] has been lim-
ited to measurements at a couple of points. The acces-
sibility of capillary wave turbulence to controlled labora-
tory measurements makes it possible to probe not only the
power spectrum but also the transition to turbulence, the
“Stosszahl ansatz,” motion on ultralong time scales and
collective modes of turbulence. These correlations probe
the foundations of our understanding of turbulence and lie
beyond the range of various dimensional and kinetic the-
ories of vortex and wave turbulence [3,4,7–12].
For capillary waves knowledge of the surface height z

as a function of position $r and time t uniquely character-
izes the motion. In order to quantitatively measure z �$r, t⇥
for high amplitude motion we suspend in the water 0.04%
concentration of polystyrene spheres [13,14] whose diam-
eter (1mm) maximizes the scattering of visible light. The
concentration is small enough so as not to affect the vis-
cosity [15] but large enough so that light is scattered so
strongly that it diffuses through the water [16]. Figure 1
displays a rendering of the surface when a cell contain-
ing the fluid �16.5 3 19 3 3 cm deep⇥ is parametrically
excited by vibration (at 50 Hz) perpendicular to the free
surface at low and high amplitudes.
To obtain the photos from which Fig. 1 is constructed

a flashlamp is used to illuminate the transparent bottom of

the cell for 6 msec. The light then diffuses through the
water to the top surface where it is photographed with
a Princeton Instruments charge coupled device (CCD)
camera �1024 3 1024 pixels⇥ with 16 bits of dynamic
range (65 000 gray scales) focused on the surface with
a lens. To minimize photon shot noise the signal was
binned into 512 3 512 superpixels. The exiting intensity
is inversely proportional to the local depth so that darker
regions are higher �z . 0⇥ and the lighter regions are
lower than the undisturbed surface height �z ≠ 0⇥.
Quantitative information about the surface is obtained

by calibrating the transmission of light as a function of
fluid depth [17]. For the CCD, experimental parameters
can be adjusted so that the change in intensity with
depth is 1500 gray scales per mm (the sensitivity is
6 electrons per gray scale which are recorded with a
quantum efficiency of 80%) and is linear within 10% over
the measured range of heights. Deviations from linearity
are corrected for, pixel by pixel.

FIG. 1. Renditions of diffusing light photos of the surface
of water at low (top) and high amplitudes of excitation. The
photos record light that diffuses through the fluid, in contrast
with shadowgraphs which image the arrival of light fronts (and
caustics) on a diffusing plate above the system being probed.
Displayed is a 7.55 3 7.55 cm region of a photo which records
15.1 3 15.1 cm. The square patterns characteristic of low
drive have an rms displacement of 0.17 mm and the turbulent
state has an rms amplitude of 1.5 mm.
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The diffusing light technique works when the transport

mean free path (the distance over which a ray scatters

through a large angle) of the light is larger than the surface

displacement z but smaller than the fluid depth [17]. An
important feature of this new method of imaging is that

the local surface slope does not affect the amount of

light transmitted through a small aperture focused onto

the surface. Changes in the solid angle of collected light

due to refraction are offset by changes in the surface area

subtended by a fixed aperture.

In the absence of polyballs, light propagating through

the water will suffer varying amounts of refraction as de-

termined by the local curvature of the surface. The exiting

rays form distinctive shadowgraph patterns on a diffusing

glass plate located above the surface [2,18]. For ampli-

tudes z , substantially smaller than those shown in Fig. 1,
these rays cross and form caustics and so prevent the de-

convolving of z from the shadowgraph. The higher the

amplitude, the worse is this catastrophe. The advantage

of the diffusing light technique is demonstrated by the

smoothness of the renditions in Fig. 1 and is also illus-

trated by Fig. 2 which shows a topographical reconstruc-

tion of the instantaneous state of a nonpropagating soliton

[19]. The surface slopes (i.e., Mach numbers) in this state

range from 11 to 21, yet no distortions are apparent; in
fact, cross sections taken along the length of the channel

accurately match the hyperbolic secant profile characteris-

tic of this high amplitude self-localized motion [20].

Figure 3 displays the power spectrum of the motion as

obtained by averaging the Fourier transforms of many pho-

tos taken under the same conditions as Fig. 1 (bottom).

Note that the harmonic response characteristic of low drive

levels transitions to a broadband spectrum at high ampli-

tude. The high amplitude or wave turbulent motion is char-

acterized by a peak at the wave number 6.4 cm21 (which

corresponds to the primary parametric response at 25 Hz;

half the drive frequency) where energy is injected into the

fluid. The energy then cascades to shorter wavelength or

FIG. 2. Perspective of a high amplitude nonpropagating soli-
ton on the surface of water reconstructed from a diffusing light
photo. The soliton is localized along the length of the chan-
nel. Note the different scales for the length and width of the
channel.

higher wave number k where the energy per unit wave

number is proportional to a power of “k.” This is the in-

ertial region of the turbulent motion. At still higher wave

numbers the spectrum merges into the noise. The triangu-

lar points in Fig. 3 show the power spectrum contained in

a 45± segment of the Fourier transform of a single photo.

Since it closely approximates the average, we conclude that

the wave turbulence is isotropic. Parametric excitation of

waves differs from wind generated waves [21] in that there

is no preferred direction.

The power law for the spectrum in the inertial region

can be derived in parallel with Kolmogorov’s law of

vortex turbulence. If Ek denotes the ripple energy per unit

area between k and 2k then the rate at which nonlinear

interactions cause energy to rollover (or cascade) to the

range (2k,4k) is given by

dEk

dt

É

1

� G2vkE2
k⌅s 2 4mk2Ek , (1)

where s is the surface tension and m is the kinematic

viscosity. The nonlinear coefficient of interaction [22] is

given by

G2 � 8p4⌅13 . (2)

For capillary waves the dispersion law bends upward

v2 � ⇥s⌅r⇤k3, (3)

where r is the fluid density. According to this so-called

decay spectrum two capillary waves can interact to create

a third wave. For this reason the lowest order nonlinear

term, as in Eq. (1), which describes the change in the

spectrum of ripples due to scattering, is quadratic in the

FIG. 3. Spectrum of surface height motion as a function of
wave number as obtained from Fourier transforms of Fig. 1.
The triangles display the power in a 45± sector of the Fourier
transform as obtained from a single photo. The straight line has
a slope of 24.2. For reference the frequency as determined by
the dispersion law is plotted on the top axis.

4529

slope: -4.2



C. Falcon, E. Falcon, U. Bortolozzo and S. Fauve, 
"Capillary wave turbulence on a spherical  fluid surface 
in low gravity", Europhysics Letters 86, 14002 (2009).



Wave turbulence in elastic 
plate

• elastic plates have dispersive waves and 
geometrical nonlinearities which suggest that 
wave turbulence can apply

• predicted theoretically in 2006 using classical 
wave turbulence arguments and shown in 
numerical simulations

• spectra of direct cascade of energy experimentally 
obtained with important differences with the 
theory.

• let know hear a Kolmogorov spectrum



Experiment movie by 
N. Mordant (LPS-ENS)



Elastic plates
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Dimensional analysis (can) 
give information!

• for usual turbulence: dimensional analysis predicts 
the spectra!

• for wave turbulence the dispersion relation makes 
a new number enter!

• nonlinear wave interaction helps (often) to solve 
the problem.
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Wave turbulence framework

• classical wave/weak turbulence machinery applies 
(DJR 2006)

• the dissipationless equation has a Hamiltonian 
structure
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Canonical variables: zk =
Xkp
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Equation for the cumulant: hierarchy. Need a closure 
(asymptotic arguments/random phase approximations). 
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Cumulant hierarchy equations+wave frequency 
resonance as asymptotics in time

As
k = aske

is!kt

Multiscale analysis, leading to dirac function in 
frequency in the cumulant hierarchy equation for the 
« wave spectrum »
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Energy conservation

But no wave-action conservation!

H-Theorem

dS
dt
� 0



2 types of stationnary solutions

• Rayleigh-Jeans 
equilibrium

• K-Z cascade of energy
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Numerical simulations

• pseudo-spectral method 

• periodic boundary conditions

• Adams-Bashford scheme

r∂2z
∂t2 =� Eh2

12(1�s2)
D2z+{z,c}+ fin + fdiss





Forced turbulence

• injection at large scale (white noise in a narrow 
wavenumber window)

• dissipation above a critical wavenumber kc

• wave action pumping (or not) at large scale to 
avoid numerical instability



Stationnary state?





Spectrum < |z
k

|2 >=
n

KZ

k

rw
k

µ P

1/3
log(kd/k)1/3

k

4







Experiment movie by 
N. Mordant (LPS-ENS)



Experiments

A. Boudaoud, O. Cadot, B. Odille & C. 
Touzé, PRL 234504 (2008).

N. Mordant, PRL 234505 (2008).

< |zw|2 >µ E0



• experiments show important differences with the 
theoretical predictions

• dispersion relation (mean curvature, three wave 
interactions, finite amplitude effects)

• boundary conditions

• an-isotropy-homogenous assumption

• dissipation

• consensus emerges



P. Cobelli, P. Petitjeans, A. Maurel, V. 
Pagneux & N. Mordant, PRL 103, 

204301 (2009).



Changing dissipation
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Changes slope!
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Numerically also!
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Phenomenological model
• difficult to handle dissipation in the asymptotic 

theory (« Hamiltonian » framework)

• phenomenological model (These T. Humbert)

• deduce by seeking local equation with RJ and KZ 
solutions.
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High forcing

• At high forcing, the spectra are changing and large 
scale structures appear

• Intermittency?
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Intermittency analysis

• Structure function on the increments of the 
displacements

• Intermittency analysed as the difference between 
results obtained assuming gaussian distribution of 
fluctuations

S2
p(r) =< |�⇣2(x, r)|p >

�⇣2(x, r) = ⇣(x+ r)� 2⇣(x) + ⇣(x� r)









Conclusion

• vibrating plates is a great tool for investigating 
WT concepts

• WT applies and KZ spectrum is predicted

• dissipation (at all scales) is a good candidate to 
explain the difference with experiments: need a 
modified WT theory to account for dissipation at 
all scales

• inverse cascade-transfer observed

• Intermittency and breakdown of WT


