
Cyril Touzé– 1

DETERMINATION OF NON-LINEAR NORMAL MODES
FOR CONSERVATIVE SYSTEMS

Cyril Touzé Olivier Thomas

ENSTA-UME, UnitéderechercheenMécanique
Chemindela Hunière,91761PalaiseauCedex, FRANCE

touze@ensta.fr

Abstract. Thedefinitionof anon-linearnormalmode(NNM) is consideredthroughnormalform
theory. It is shown thatanonlinearchangeof variablesallowsoneto spanthephasespacewith the
invariantmanifolds,andthusto defineco-ordinateslinked with the NNMs. Invarianceproperty
aswell as the validity of the asymptoticdevelopmentusedfor generatingthe normal form are
illustratedon two examples.

INTRODUCTION

The definition of non-linearnormalmodes(NNMs) hasbeensubjectto variousapproachsince
the pioneeringwork of Rosenberg [1]. The main motivation relies in the fact that, at the non-
linearstage,themodeshapesdependon vibrationamplitude.This phenomenon,which couldbe
comparedwith thefrequency dependenceon motionamplitude,is not madeexplicit by theusual
framework, which consistsin projectingtheequationsof motionontothelinearmodesbasis.

In this paper, a NNM is definedasan invariantmanifold which is tangentto its linear coun-
terpart(thelineareigenspace)at theorigin. S.Shaw andC. Pierreusedcentermanifoldreduction
techniquein orderto calculatethoseinvariantmanifolds[2, 3]. It allows themto computeasingle
NNM; but themethodbecomestediousto handlemultiplemodemotions[4].

The applicationof normalform theoryallows oneto definea non-linearchangeof variables
that cancelsnon-resonanttermsin the non-linearequationsof motion. It is thenshown that the
new definedvariablesarelinkedto theinvariantmanifolds.Hencethegeometryof all theNNMs,
which are computedin a singleoperation,are containedin this non-linearco-ordinatechange.
Moreover, attendantdynamicsonto the manifolds(i.e. the nonlinearmodalmotions)aresimply
givenby thenormalform of thevibratoryproblemat hand.This proceduregreatlysimplifiesand
generalizesthe approachproposedin [2, 3]. A similar ideahasalreadybeenusedby Jezequel
andLamarque[5]. A summaryof the main resultsarehereprovided, aswell astwo examples.
Completecalculationsfor an

�
degrees-of-freedom(d.o.f) systemaregivenin [6].
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NORMAL FORM THEORY AND NNMs

Normal form theory

A conservative
�

d.o.f systemwith quadraticandcubicnon-linearitiesis considered:�������	�
��� � � ���������� ����� �� � ��� �� ��� �"! ��#� � � � � � �� � ��� �� ��� � �� $ �%�'& � �#� $ � � � � � $ �)(+*
(1)

It is assumedherethat thereare no internal resonancerelationsbetweenthe eigenfrequencies, ���.-�� ���0/1/1/ � of the system(1). Normal form theory relies upon Poincaréand Poincaré-Dulac’s
theorems[7, 8]. Theunderlyingideais that thephysicalco-ordinates2 ��� *43 �65

, where
3 � � 7�8�

,
arenot themostappropriateonesto describethedynamicsexhibitedby (1). Hencea non-linear
changeof variablesis soughtin orderto cancelall termsthatarenotdynamicallyimportant.These
termsarethenon-resonantones[7, 8].

For anoscillatoryproblem,onecanshow thatthesenon-resonanttermsareresponsiblefor the
lossof invarianceof the linear eigenspaces.By invariancewe meanthat a motion initiated in a
subspacealwaysstaysin thatsubspaceduringits motion.An invariantmanifoldis thenasubsetof
initial conditionsthatallowsoneto defineaglobalmotionof astructurewith asingledisplacement-
velocity pair. This centralpropertydefinesa NNM [2, 3, 6]. SettingEqs(1) into its normalform
exhibits the co-ordinateslinkedwith the invariantmanifolds,which aretwo-dimensionalcurved
surfacesin the 9 � -dimensionalphasespace.

The remainderof this articlegivesa survey of themainanalyticalresultsgiven in [6], where
thegeneralequationsthatdefinethenormalco-ordinates2;: � *4< �65 areexplicited.

Elimination of the quadratic terms

Poincaré’s theoremensuresthatquadratictermsarenon-resonantandthuscanbeeliminated.This
is obtainedvia thefollowing relations:��� �>= �?� �� � ��� �� �4� � 2;@ � �#� = � = � �BA � �1�DC � C � 5 *

(2a)3 � � C �?� �� � ��� �� � ���FE ��#� = � C � * (2b)

For thesakeof concision,theexpressionof thecoefficients
, @ � �#� * A � �#� * E ��#� -�� ���0/1/1/ � arenotgivenhere.

They areexpressedasfunctionsof the physicalparameters2 ��� * ! ��#� * & � �#� $ 5
in [6]. Onecanno-

tice the following generalproperties:(i) Eq. (2) is chosentangentto the identity, to ensurethat
the manifoldsare tangentto the linear eigenspaces.(ii) Expressionsof

, @ � �1� * A � �#� * E ��#� - diverge in
caseof internalresonance,a featurewhich is completelyusualin asymptoticdevelopments.(iii)2 = � * C �65 arecalculatedsoasto remainhomogeneousto a displacement-velocity pair (

7= � � C �
).

They correspondto the co-ordinateslinked with a second-orderapproximationof the invariant
manifolds.
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Substituting(2) into (1) givesthefollowing dynamics:7= � � C � *
(3a)7C � ��G � �� = � G �� � ��� �� ��� � �� $ �%� & � �#� $ = � = � = $ G �� � ��� �� � ��� �� $ �%�IHKJ � �#� $ = � = � = $ �ML ��1� $ = � C � C $ON �
(3b)

Thecoefficients
J � �#� $ * L ��#� $

aregivenby:J � �#� $ � ��#P � � ! �� P @ P� $ � � PRQ � ! � P � @ P� $ * L ��#� $ � ��1P � � ! � � P A P� $ � �1PRQ � ! � P � A P� $ �
(4)

As expected,thequadratictermshavebeencancelled.Somecubictermsarisefrom thisoperation.
Onecannoticethatsomeof themarevelocity-dependent,a fact thathasalreadybeenunderlined
[2, 3]. Thesameoperationis now carriedout, to proceedwith thecubicterms.

Processing the cubic terms

A non-linearchangeof co-ordinateswill now beexhibitedin orderto cancelthecubicnon-resonant
terms.Thespecificityof this calculationis thatall termswill not beeliminated,dueto thepartic-
ular resonancerelationsthatarealwayspresentfor systemswith eigenspectrum

,%SUT ���	-�� � � . For
example,theorderthreeresonancerelation

� � � 2 � � G � � 5V��� � is alwaysfulfilled, leadingto an
unremovableterm

� �� � � in theevolutionequationfor
� � .

Thenew displacement/velocityvariablesarenow written 2W: � *�< �65 . They arecalledthenormal
co-ordinates. The non-linearrelationshipbetween 2 = � * C �X5 and 2;: � *4< �65 is found to be of the
following form: = � � : �?� �� � ��� �� �4� � �� $ �%�'Y ��#� $ : � : � : $ � �� � ��� �� � ��� �� $ �%�'Z � �#� $ : � < � < $ * (5a)C � �[< ��� �� � ��� �� ��� � �� $ �%�'\ � �#� $ < � < � < $ � �� � ��� �� � ��� �� $ �%�^] ��#� $ < � : � : $ � (5b)

Assembling(5) togetherwith (2) givestherelationshipbetweenthephysicalco-ordinates2 ��� *43 �65
andthenormalco-ordinates2;: � *�< �65 , whichareconnectedto theorderthreeapproximationof the
invariantmanifolds.Finally, introducing(5) into (3) givesthedynamicswhich is foundto bethe
normalform of (1). Thegeneralequationis not reproducedherefor thesake of brevity, andalso
becausethenormalform canbewritten from theknowledgeof thelineareigenspestrumonly. But
interestingfeaturesarefoundwithin it, andwill betreatedelsewhere[6].

We show thegeneralresultwith
� � 9 , astheexamplestreatedbelow will considertwo d.o.f

systems: : � �_���� : � � 2 & ��0�0� � J ��0�0� 5 :a`� � 2 & �� �0� � J �� �0� � J �� � � 5 : � : ���ML ��0�0� : � < �� �BL �� �0� : � < �� �BL �� � � : � < � < � �b(
(6a): � �_���� : � � 2 & ��0�0� � J ��0�0� 5 :a`� � 2 & � �0� � � J � �0� � � J �� �0� 5 : � : � ��MLI��0� � : � < � < � �BLI�� �0� : � < �� �MLI��0�0� : � < �� �b(
(6b)
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Fig. 1: Sketch of thephasespacein thevicinity of theorigin. Orthogonallinesrepresentthelinear
modalbasis.Curvedlinestangentat theorigin representstheinvariant manifolds,i.e. theNNMs.
A curvedgrid is alsorepresented,in which thenormaldynamicswill beexpressed.

Onecannoticethatall thetermsthatareresponsiblefor thelossof invariancehavebeencancelled,
aswell as the presenceof velocity-dependenttermsin the normaldynamics. Singlenon-linear
modaldynamicsis now simply givenby settingall othersco-ordinatesto zero,asin a linearcase.
For example,thefirst NNM is foundby setting : � �t< � �u(

. This givesthedynamicsonto the
first manifold(by substitutinginto (6a)),aswell asits geometryin phasespace:� � � @ � �0� : � � �MA4� �0� < �� � Y � �0�0� :a`� � Z � �0�0� : � < �� (7a)3 � � E ��0� : � < � � \ � �0�0� < `� � ] ��0�0� < � : � � (7b)

Thesituationis sketchedin figure1. Thelinearorthogonaleigenspaces,graduatedby thephysical
co-ordinates2 ��� *43 �65

arerepresentedby lines for convenience,but they are in fact planes.The
invariantmanifolds(denotedv � and v � ) arerepresentedby thecurvedlines.Non-linearsingle-
modeorbitsarecontainedwithin theseinvariantmanifolds.

Throughoutthesection,it hasbeenshown thatnormalform theorygives: (i) thegeometryof
all invariantmanifolds,(ii) co-ordinateslinkedwith themandthusthebendingof thewholephase
spaceand (iii) the reduceddynamicswith the new co-ordinates.Thesecalculationshave been
foundto beconsistentwith previousapproachesdeveloppedby otherauthors[2, 4, 9]. It will now
beappliedon examples.

EXAMPLES

System with cubic non-linearity

The first exampleconsidersa two d.o.f systemwith cubic non-linearity, shown in figure 2. The
equationsof motionaregivenby:7� � �)3 � * 73 � �>G 2 � �Mwx5y� � �zw � � G ! � `� (8a)7� � �)3 � * 73 � � w{� � G 2 � �zwx50� � (8b)
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Thefirst thing to do is a lineardecoupling,that is to expressEq. (8) into the linearmodalbasis,

|O}�~ |��z� | �z� |��� ���

Fig. 2: Physicalrepresentationof example1.

definedby thetwo following linearmodalmotions:
� � �>= � � = � , � � �[= � G�= � . Thisgivesthe

following system: 7= � � C � * 7C � ��GU= � G ! 9 2 = � � = � 5 ` (9a)7= � � C � * 7C � ��G 2 � � 9 wx5 = � G ! 9 2 = � � = � 5 ` (9b)

The linear frequenciesare
� � ���

and
� � ��� � � 9 w . Theassumptionof no internalresonance

is fulfilled aslong as
w����(

,
w�����

and
w����G�� �.�

. Theresultsof theprecedentsectionsgive the
non-linearrelationthatpermitsto describethebendingof thewholephasespace:� �^�����i����� �����  W¡¢ � ��£ �¤� ¢   � `�¦¥ �§�©¨ ¥ �  W¡¢ � � � ¥ ¢   � � � � � � � ¡ª � � � ¥ ¢   �«�¬��i¬ � ¥ £ ¡¢ � � � ¥ ¢   ¬ �� � � � � ¡¢ � ��£ �«� ¢   � � ¬ ��

(10a)® �^��¬��i� � ¡¢ � ��£ �¤� ¢   ¬ `� �b�§� � ¥ �  W¡¢ � � � ¥ ¢   � � � ¬ � �)�§�©¨ ¥ �  W¡ª � � � ¥ ¢   ���¯� � ¬�� ¥ � ¡¢ � � � ¥ ¢   ¬ �� ¬ � �b�§�©¨ � � �  W¡¢ � ��£ �¤� ¢   � �� ¬ �
(10b)� � ��� � ����� ¥ �  W¡¢ � � � ¥ ¢   � ` � � � ¡¢ � � � ¥ ¢   ���¬ �� ¥ �§�©¨ � � �  W¡¢ � ��£ �«� ¢   �«�y� �� ¥ £ ¡¢ � ��£ �«� ¢   �«�¯¬ �� � � ¡ª � ��£ �«� ¢   ¬F�¯� � ¬ �
(10c)® � ��¬ � � � ¡¢ � � � ¥ ¢   ¬ `� � �§�©¨ ¥ �  W¡¢ � � � ¥ ¢   � � � ¬���� �§�©¨ � � �  W¡ª � ��£ �«� ¢   ���¯� � ¬ � ¥ �§��� �°���  W¡¢ � ��£ �«� ¢   ¬��y� �� ¥ � ¡¢ � ��£ ��� ¢   ¬��i¬ ��
(10d)

Applying this co-ordinatechangegivesthenormaldynamics,up to order3:7: � �±< � * 7< � ��G : � G ! 9 : ` � G>² !9 : �� : � (11a)7: � �±< � * 7< � ��G 2 � � 9 wx5 : � G ! 9 :a`� G ² !9 : � � : � (11b)

Figure3 shows the resultsof simulationsconcerningthe invarianceproperty, with
! �³�´� ² andw �µ�

. Thefirst columnis relatedto the linearmodalsubspace.Inital conditionhasbeentaken
along the first linear mode,namely:

= � � �
and all other co-ordinatesto zero. Figure 3(a)

showstheprojectionof themotion,calculatedin physicalco-ordinates(i.e. with (8)), ontothefirst
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Fig. 3: (a)-(d): projectionsonto linear andnon-linearsubspacesof a motioninitiated along the
first linear mode(a)-(b); and along the first non-linearmode(c)-(d). Representationof the two
precedentsimulationsin 2 = � * C � *O= � 5 space, showingtheinvariancepropertyfor thefirstNNM.

linearsubspace2 = � * C � 5 . Figure3(b)showstheresidualcontributiononthesecondlinearsubspace2 = � * C � 5 , which is clearly not negligible. This is the effect of non-resonanttermsthat have been
cancelledthroughthenonlinearchangeof co-ordinates.

Thesamesimulationis now conductedwith thefirst non-linearnormalmode.An initial posi-
tion alongthefirst non-linearmanifoldis givenby : : � ���

, all theotherco-ordinatessetto zero.
Equations(10)allowsoneto calculatethecorrespondinginitial conditionin physicalco-ordinates.
For thefirst non-linearmode,this gives:

� � ��(+�¶�%�	�
,
� � ���.�¶(§·.·

,
3 � ��3 � ��(

. Thedynamics
is integratednumericallywith (8) andthenprojectedbackontothenon-linearinvariantmanifolds,
with the inverserelationof (10). Figure3(c) shows the motion alongthe first non-linearmode,
andFigure3(d) the residualcontribution alongthe secondnon-linearmode. Comparing(b) and
(d) shows thata factor7 hasbeengainedfor theinvariance.Thefact that themotion in (d) is not
completelyzerois dueto the fact thatonly a third-orderapproximationof the invariantmanifold
is computed.Theresultsof thesetwo simulationsareplottedin the 2 = � * C � *O= � 5 space.Theorder-
threeapproximationof thefirst invariantmanifoldis representedby a surface.Thetwo calculated
trajectoriesarealsoshown. Onecanseethat taking the initial conditionon thefirst linearmode
resultsin a whirling trajectory. Themotionstartedon the invariantmanifold,thefirst NNM, stay
on it for all time.

A system with quadratic and cubic non-linearities

The two d.o.f systemconsideredhereis composedof a mass ¸ connectedto a frame by two
geometricallynon-linearsprings(Fig. 4(a)). The potentialenergy of spring

T 2 Tº¹µ, �	* 9 -%5 is
assumedto be: » � � �9 w �X¼ �½F¾ � * with ¾ � �9 ¼ �� G ¼ �½¼ �½ �

(12)
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Fig. 4: (a) - Thetwo d.o.fmass/springsystem.(b) - Third order approximation(solid lines)and
trueposition(’*’) of thefirst invariantmanifold.(c) - idemfor thesecondinvariantmanifold.w �

is thelinearstiffnessof spring
T
, and

¼��
is its deformedlength.Thetensionin thespringsis then:� � ��GÆÅ » �Å ¼�� �>G �9 w �6¼ ½ÈÇ{É ¼��¼ ½§Ê ` G ¼��¼ ½XË �>G w ��ÌWÍÎ¼
� � ² 9 ÍÏ¼ ��¼ ½ � �9 ÍÏ¼ `�¼ �½ºÐ * with

ÍÏ¼�� � ¼�� G ¼ ½ �
(13)

Applying Lagrange’s equationsto themass,Ñ � � ÉÓÒÒ§Ô ÅÅ 7Õ � G ÅÅ Õ � Ê 2 » $ � » �65 �b(+*
(14)

with
» $

denotingthekinetic energy of masş , oneobtainsthe following system,with quadratic
andcubicnon-linearities:� � �_���� � � � � ��9 2 ² �º�� ���º�� 5g�_���� � � � � � � �� ��� ��9 � � 2 �º�� ���º�� 5 �±(

(15a)� � �_���� � � � � ��9 2 ² �º�� ���º�� 5g�_���� � � � � � � �� ��� ��9 � � 2 �º�� ���º�� 5 �±(
(15b)� � � Õ � � ¼ ½ and

� � � Õ � � ¼ ½ aredimensionlessdisplacementsdefiningthepositionof themass,Ö �� � w � � ¸ and Ö �� � w � � ¸ arethe naturalfrequenciesof the system.The systemis naturally
linearly uncoupled,asthe two linearmodesof motionare

� � and
� � . It is a consequenceof the

orthogonalconfigurationof thetwo springsat rest.
Applying the resultsof the first sectionleadsto a third-orderapproximationof the invariant

manifold. Similar numericalsimulationsthanthe onesof Fig. 3 canbe obtainedin the caseof
thepresentsystem.However, this third-orderapproximationof themanifoldsfails whenthenon-
linearity is raised.This problematicfeaturehasalsobeenobservedin thefirst example.Here,we
show quantitatively in Fig. 4(b, c) thedifferencebetweenthe third-orderapproximationandthe
positionof thetrueinvariantmanifoldin phasespace.

Solid lines representthe third-orderapproximation,andthestars(’*’) correspondsto thepo-
sition of thetrueinvariantmanifold. Thesepointshave beenfoundnumericallyby systematically
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investigatingdifferentinitial conditionsin phasespace.Theretainedpointsarethose,e.g. for the
first non-linearmode,whichgivetheminimumcontributionontothesecondnon-linearmode.One
cannoticethatthethird-orderapproximationsometimesquickly diverge.Thiscanberemediedby
usinganon-linearGalerkinmethodto fit theNNM. A recentstudyof Pesheketal. givesapromis-
ing accountfor this, which really exploits the full potentialof the invariantmanifold approach
[10].

CONCLUSION

Nonlinearnormalmodeshave beendefinedwith thehelpof normalform theory, for conservative
systems.It generalizestheasymptoticapproachproposedin [2, 3], sinceall NNMs arecomputed
in a singleoperation.Moreover, it hasbeenshown that thedynamics,for anassemblyof

�
non-

linear oscillators,is simply given by the normal form of the problemconsidered.This point is
importantsincethe normal form dependson the eigenspectrumof the linear evolution operator
only. Thus,ex-nihilo modelscanbesimply exhibited. Themaindrawbackof themethod,which
reliesuponanasymptoticdevelopment,hasbeenunderlinedthroughtheexamples.

However, thefull potentialof describingthedynamicswithin acurvedreferencesystemspanned
by the invariantmanifoldswill be expressedwhenconsideringreduced-ordermodelsof systems
having largenumberof d.o.f. Multiple modesmotionsareeffectively easyto defineandto com-
pute. Moreover, thecaseof internalresonancedoesnot leadto tediouscalculationsandarealso
easilytakeninto account.Theresultspresentedhereareimportantin thissense,sincenormalform
is thecornerstoneof verygeneralresults.

Acknowledgment: The authorswould like to thankBruno Cochelinfrom LMA-Marseille for
suggestingthesecondexample.
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